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Abstract—We introduce a quantitative relational Hoare logic
for quantum programs. Assertions of the logic range over a new
infinitary extension of positive semidefinite operators. We prove
that our logic is sound, and complete for bounded postconditions
and almost surely terminating programs. Qur completeness result
is based on a quantum version of the duality theorem from
optimal transport. We also define a complete embedding into
our logic of a relational Hoare logic with projective assertions.

I. INTRODUCTION

Relational Hoare logics are program logics used to rea-
son about relationships between programs. Typically, their
judgments are of the form {P} S1 ~ Sz {Q}, where S;
and Sy are programs, and P and () are relational assertions,
traditionally known as pre- and postcondition. In this paper, we
consider the setting where S; and S are quantum programs
in the pure qWhile language. In this setting, it is natural to
define validity based on quantum couplings. Indeed, there exist
several proof systems that support a rich set of proof rules and
are sound w.r.t. coupling-based notions of validity [1]-[3].
These proof systems have been used to reason about quantum
processes and quantum security. However, the proof-theoretic
foundations of these proof systems remain unexplored. In
particular, there is no prior account of the completeness of
these systems. The challenge with completeness arises from
the existential nature of coupling-based reasoning: validity of
a Hoare judgment {P} S; ~ Sy {Q} asserts the existence of
a suitable coupling, called witness coupling, between (output
states of) S7 and So. Therefore, the completeness of the proof
system is intuitively equivalent to proving that the rules of
the proof system suffice to build all valid couplings between
two programs. Unfortunately, it seems difficult to establish a
direct argument of this kind. One reason is that proof rules
are compositional and allow to build couplings that respect
the structure of programs, so it seems plausible that the proof
rules are incomplete. In this paper, we do not attempt a direct
proof of completeness. Rather, we observe that one can achieve
completeness by leveraging a duality theorem for quantum
couplings. Our approach follows and generalises the work of
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Avanzini et al. [4] on completeness for probabilistic relational
Hoare logics.

Contributions: The main contribution of this paper is a
complete proof system for almost surely terminating programs
and positive semi-definite (PSD) assertions. The proof system
contains three parts. The first part is a minimalistic, standard,
set of rules—concretely, one left and right rule for each
construct, two-sided rules for skip and sequential composition,
and a rule of consequence w.r.t. the usual Lowner order C on
assertions. We prove that this set of rules is complete for split
postconditions, i.e. postconditions of the form Q1 R 1+1RQ2,
where (1 and ()5 are unary assertions. The proof follows by
classic structural induction on programs—for technical consid-
erations that will be explained later, the proof also requires that
validity be defined using a new variant of quantum coupling,
called partial coupling, of independent interest. The second
part is a new structural rule, called the duality rule. The validity
of the (duality) rule is based on a quantum duality theorem,
akin to the celebrated Kantorovich-Rubinstein duality theorem
for the probabilistic setting. The main benefit of the rule is that
it allows to reduce a judgment of the form

{P} S1 ~ Sy {Q}

to a judgment of the form
{P} S1~ S {Q1®1 - 1®Qs}

where informally ()1 and )2 are quantified universally over
all unary assertions such that Q1 ® I —I ® Q2 C Q. Therefore,
the duality rules allow us to reduce the proof of a judgment
with an arbitrary postcondition to the validity of a judgment
with a split postcondition, for which the standard rules suffice.
The third part of the logic are two-sided proof rules. These
proof rules are important for the usability of the logic and are
present in prior works, but are not needed for completeness,
and will only be discussed briefly in the paper.

The second contribution of the paper is an alternative
interpretation of our proof system where assertions are drawn
from an infinite-valued generalization of PSD operators. The
logic remains sound for all postconditions and complete for
all bounded postconditions—provided one restricts the (dual)
rule to bounded postconditions. However, the main benefit
of this generalization is that it provides a means to unify


mailto:gilles.barthe@mpi-sp.org
mailto:gaomb@ios.ac.cn
mailto:tcw57@cam.ac.uk
mailto:zhouli@ios.ac.cn

projective assertions, used e.g. in [1], and positive semi-
definite operators. As an application, we provide a complete
embedding into our logic of a relational Hoare logic with
projective predicates.

Finally, we leverage our completeness theorems to char-
acterize some properties of interest. We give two character-
izations of program equivalence. The first characterization
is based on (finite-valued) positive semi-definite assertions
and uses tools from stable quantum optimal transport. The
second characterization is based on projective assertions (and
infinite-valued predicates). We also present characterizations
of quantum distance measures (trace distance and Wasserstein
semi-distance), diamond norm for programs, non-interference
and quantum differential privacy. Finally, as a contribution
of independent interest, we prove that the recently proposed
relational Hoare logic eRHL for probabilistic programs [4] is
complete for all bounded postconditions and AST programs.

Summary of contributions
In summary, the main contributions of the paper are:

« a sound and complete relational program logic for quan-
tum programs (Theorem VI.3, Theorem VI.7);

e a complete semantic embedding of quantum relational
Hoare logics using projective predicates using infinite-
valued predicates (Proposition VII.2);

« characterizations of observational equivalence (Theo-
rem VIIL.1), trace distance and diamond norm (Propo-
sition VIII.3 and Theorem VIII.6), Wasserstein distance
(Theorem VIIL.8), non-interference (Theorem VIII.13),
and quantum differential privacy (Theorem VIII.16);

« a proof of completeness for the eRHL relational program
logic for probabilistic programs (Proposition IX.2).

II. NOTATION AND PRELIMINARIES

We assume basic familiarity to quantum computing (see
standard textbook [5]) and set the scene with some notations.
a) Quantum states and maps: Let H be a Hilbert space.
We define D(H) and D (H) to be the set of partial density
operators (i.e. positive semi-definite (PSD) operators with trace
< 1) and density operators (i.e. partial density operators with
trace 1) over H, respectively. Intuitively, D(#) represents the
subdistributions over pure states in H and D'(H) contains
only the full distributions. Furthermore, we write QC(#) and
QO(H) for the set of quantum channels (CPTP maps) and
quantum operations (trace-nonincreasing CP maps) over H.
We use the former to interpret all almost surely terminating
quantum programs and the latter to represent general quantum
programs. Obviously, QC(H) C QO(H).

b) Quantum predicates: We define S(H) and Pos(H)
to be respectively the closed subspaces (equivalently the
orthogonal projectors) and the PSD operators on . Subspaces
can be used as a ‘discrete’ predicate: a state p € D(H) satisfies
X € S(H) if supp(p) C X. General PSD operators are used
as bounded quantitative predicates: the ‘extent’ to which p
satisfies P € Pos(H) is defined to be tr(Pp). Commonly
used predicates in the work include: the ‘symmetric’ predicate

Pyym[H] = 1(I + SWAP[H]) (we sometimes denote it as
=sym) Where SWAP[H] = 3_,.[ij)(ji|, and parameter H is
omitted if it is clear from the context; and the ‘anti-symmetric’
predicate Pfl-}m, i.e., the complement of the projector Py,
[H] = (I — SWAP[#]). Note that both Pjy,,[H] and
ym ] are in S(H @ H).

c¢) Infinite-valued predicates: In this work, we introduce
a novel notion of possibly infinite-valued quantitative pred-
icates, denoted Pos™ (), by allowing positive operators to
have an eigenspace corresponding to eigenvalue +oco. In other
words, any A € Pos™(#) has an eigenvalue decomposition
{(\i, Xi)}i where \; € RT¥>* £ [0,+0oc], the non-zero
eigenspaces X; are pairwise orthogonal, and >, X; = I. As a
convention, we define (+00)-0=0-(4+00) =0, (+00)+a =
a + (+00) = +oo for a € RT°, and +o00 < +o00. We now
extend the definitions of various operations on PSD operators
to Pos™ (). Firstly, for any [¢), the inner product ()| A|y)) is
defined as (1| Ayp) £ 3", N (1| X;|¢). This definition allows
us to extend all the operations and constructions on PSD op-
erators that this work relies on to the infinite-valued case. For
example, the extended Lowner order is defined by 4; C A,
if for all |v), (¥|A1]Y) < (Y|Az|yp). We refer the reader to
the appendix for more details on the supported operations (see
Definition A.6). Finally, for X € S(#) and A € Pos™(H),
we define X | A £ A+ (+o0o- X1) € Pos™(H). This will be
useful for enforcing assertion-based, projective preconditions
in the quantitative setting.

For compactness reasons, in this paper, we present the
technical development of our results in terms of the more
general infinite-valued predicates. The proofs of all theorems
and propositions are provided in the appendix of the full
version [6].
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ITII. QUANTUM COUPLINGS

We review basic definitions and theorems of quantum cou-
plings and quantum optimal transport.

A. Basic Definitions and Duality Theorems

In probability theory, probabilistic couplings are a powerful
tool for reasoning about different ways of correlating two
distributions. A coupling of two distributions di, dy is a
joint distribution with d;, d as its respective marginals.
Quantum couplings are the quantum analogue of probabilistic
couplings; instead of (sub)distributions, they relate (partial)
density operators.

Definition III.1 (Quantum Coupling). Ler p; € D(H;) and
p2 € D(Ha) be two partial density operators. A coupling
between py and py is a partial density operator p € D(H; ®
Ho) such that tra(p) = p1 and tri(p) = pa. We write p :

<P1, P2>-

Strassen’s theorem [7] provides a necessary and sufficient
condition for the existence of a coupling with respect to a given
relation. Zhou et al. [8] lift Strassen’s theorem to the quantum
setting. Their theorem relates a quantum lifting (where for any
subspace X, a lifting p; X7 p, is witnessed by couplings of



the form p : (p1, p2) such that supp(p) C X) to a universally
quantified property that reasons about p; and po separately.
Their proof is based on semi-definite programming (SDP),
a common technique in quantum computing and information
theory. It turns out that the same technique can be generalized
to accommodate for a more general, ‘quantitative’ version of
liftings, as stated below.

Definition IIL.2 (Quantum Lifting with Defects). Let p; €
D(H1) and py € D(Hs), and ¢ € RY™® be a defect. Let
X € Pos(H1®Hz). Then p € D(H1®@Hz) is called a witness
of the lifting prX¥ pa, iff p : (p1, pa) and tr(Xp) <e.

Note that for any subspace X, py X#py iff py (X1)¥ ps.

Theorem IIL.3 (Quantum Strassen’s Theorem with Defects).
For any p1 € D(H1) and py € D(Hz) with tr(p1) = tr(p2),
for any defect € € RT*° and for any X € Pos(H1 @ Hs), the
following are equivalent:
1 ;1 X¥po;
2) For any Yy € Pos(Hi) and Y € Pos(Hsz) such that
XIVL-1L8Y5, tI‘(Ylpl) < tr(ngz) + e

The setting of the primal and dual problems in the proof is
essentially the same as in [8], [9].

B. Partial Couplings

The following fact is a basic consequence of the definition
of quantum couplings.

Lemma IIL.4 (Trace Equivalence). Let p : (p1,p2). Then,
tr(p) = tr(p1) = tr(p2).

It follows that partial density operators can be coupled only
if they have the same trace. This basic fact is a limiting factor
for coupling-based relational Hoare logics. In particular, it
limits our ability to reason about pairs of non-trace-preserving
quantum operations (e.g. quantum programs with while loops).
To address this limitation, we draw ideas from [4] (%-
couplings) and [3] (quantum _|-memories) and introduce the
concept of partial couplings (see Proposition B.3 for precise
relationship between *-couplings and partial couplings).

Definition IIL5 (Partial Coupling). For p1 € D(H1) and p €
D(Hz), we say p € D(H1 ® Hsz) is a partial coupling of p1
and pa, written p : (p1, p2)p, if:

tr(p1) + tr(p2) < 1+ tr(p).

The first two inequalities say that the coupling p is partial:
it represents a correlation between parts of the marginal state
p1, p2, and leaves another part of the states uncorrelated. The
last inequality is a requirement on the uncorrelated parts of the
marginal states. It can be decomposed into two inequalities:

tr(p1 —tra(p)) < 1—tr(pz), tr(p2 —tri(p)) <1 —tr(p1).

Explained using programming language terms, the first in-
equality says that the probability of the uncorrelated part
of the first system, tr(p; — tra(p)), should not exceed the
probability of non-termination in the second system, 1—tr(p2).

tra(p) C p1,  tri(p) E p2,

The meaning of the second inequality can be obtained by
symmetry.

Obviously, any coupling is a partial coupling, i.e., p :
(p1,p2) implies p : (p1,p2)p. In the case where pi, po are
density operators, any partial coupling is also a coupling, i.e.,
p : (p1,p2)p implies p : (p1,pa) if tr(p1) = tr(p2) = 1.
Partial coupling is preserved under (sub-)convex combination
and scalar multiplication (see Proposition B.4). A variant of
duality theorem for partial coupling is established via SDP
(see Theorem B.5).

IV. QUANTUM OPTIMAL TRANSPORT

One of the applications of quantum coupling is to reason
about relational properties of quantum states and thus quantum
channels and operations. We first review the basic concept of
quantum optimal transport and then show how it can be used
to characterize the equivalence of quantum channels.

A. Basic Definitions

The optimal transport problem [10] is a classical optimiza-
tion problem. Its goal is to minimize the transportation cost of
goods from sources to sinks. The optimal transport problem
has a natural formulation based on probabilistic couplings. In
this section, we review a quantum version of optimal transport.
We mainly follow [9].

Definition IV.1 (Partial Quantum Optimal Transport (c.f. [9])).
For a given cost function C € Pos™ (H1 @ Hs) and two states
p1 € D(H4), p2 € D(Ha2), the quantum optimal transport
tr(Cp),

A .
= min

Tc(p1, p2)
p:(p1,p2)p

where p is ranging over all partial couplings of p1 and po.

The minimum can be attained because the set of par-
tial couplings is an non-empty, closed and convex set (see
Proposition C.1). Whenever p; and po are (total) density
operators, every partial coupling is a coupling, and therefore,
TC(,017 P2) = minp:(/n,pg) tI‘(Cp)

The basic properties of QOT have been systematically
studied, see [9] for a comprehensive review. For example, QOT
is jointly convex on its input (see Proposition C.2).

B. QOT under Data Processing

The original definition of QOT studies the relationship
between quantum states. In this work, we go one step further
and ask: can QOT be used to represent and evaluate the
relationship between quantum state transformers (i.e. quantum
channels or operations)? To answer this question, we study
how QOT evolves ‘under data processing’.

Definition IV.2. Let C;,C, € Pos™(H; ® Ha) be input
and output cost functions respectively. We say that a pair of
quantum operations (E1,E2) is contractive w.rt. C; and C,
iff Te,(Ex(pr), E2(p2)) < Te,(p1,p2) hold for all possible
inputs p1 € D(H1) and pa € D(Has).

The following lemma shows that it is sufficient to check
contractivity on inputs p; € D*(H1) and ps € D (H,).



Lemma IV.3 (Alternative Characterization). Given two quan-
tum operations £ € QO(H1),E2 € QO(Hz), input and out-
put costs C; and C,, the following statement are equivalent:
1) (&1,&2) is contractive w.rt. C; and C,;
2) For all p1 € DY(Hy) and py € D' (Ha),

Te,(E1(p1), E2(p2)) < Te, (p1, p2)-

Whenever reasoning about two quantum channels, the con-
dition can be simplified as follows:

Lemma IV.4 (Contractivity for Quantum Channels). Suppose
& € QC(H1),E € QC(Ha) are two quantum channels.
Then (&1,&:) is contractive w.rt. C; and C, if and only
if for every p € D(Hi ® Ha), there exists a coupling
o (E1(tra(p)), E2(tr1(p))) such that tr(Cip) > tr(Cyo).

The next proposition establishes key properties of contrac-
tivity.

Proposition IV.5. Contractivity satisfies several desired prop-
erties for data processing:

1) Backward. (£1,E,) is contractive w.rt. (E] @ E))(C)
and C. Here, £V is the dual of &, which satisfies
tr(AE(B)) = tr(E1(A)B) for all linear operator A, B'.

2) Consequence. Suppose (E1,E3) is contractive w.rt. C}
and C!, and C! C C;, C, T C!, then (&1,&2) is
contractive w.r.t. C; and C,,.

3) Sequential composition. Suppose (E1,E1) is contractive
w.rt. C; and Cy,, and (E2,EL) is contractive w.rt. Cy,
and C,, then (E3 0 £1,E) 0 &]) is contractive w.r.t. C;
and C,.

Here, o is the composition of two quantum operations, i.e., for

all p, (€10 &)(p) = E1(Ea(p))-

The (Backward) property asserts that every pair of quantum
channels is contractive w.r.t. an output cost and its pre-image
under some form of relational pre-image. The (Consequence)
property states that one can strengthen the input cost or weaken
the output cost in the style of the rule of consequence. The
(Sequential composition) property states that contractivity is
compositional.

Additionally, our formulation of QOT under data processing
allows us to translate the previous duality result about quantum
states (Theorem II1.3) to the following duality theorem about
quantum operations. Specifically, we show that contractivity
w.rt. C; and C, is equivalent to contractivity w.r.t. a split
output cost function. The duality theorem is carefully stated
to match our assumptions, in particular that C, is positive. It
is also restricted to the case that C, is finite.

Theorem IV.6 (Duality under Data Processing). Suppose &
and & are quantum channels and costs C; € Pos™ and
C, € Pos (i.e., C, is finite). Then the following statements
are equivalent:

IFor any super-operator &, its dual £T is another super-operator. Whenever
£ is a quantum operation with Kraus operator {F;}, then £ has Kraus
representation {E;r }

1) (&1,&2) is contractive w.rt. C; and Cl;

2) for all (Y1,Ya,n) € Y, (&1,&2) is contractive w.rt.
Ci+nl and Y1 @I +1® (nl — YY), where Y =
{(YhYQan) ‘ n e N>0 C Y50 E Y, C TLI,CO 4
Vil —I®Ys}

This formalization will be instrumental in reducing arbitrary
judgments to judgments with split postconditions.

C. Characterizing Equivalence

The symmetric and anti-symmetric predicates are standard
tools used to characterize equivalence of quantum states [1],
[2]: indeed, two states p;, p2 are equal iff there a (non-
quantitative) lifting of the form p;(=gm)¥ p2. In this section,
by lifting this tool to the setting of QOT under data processing,
we give a complete characterization of equivalence between
quantum channels. This is a significant result: as we shall
see in Theorem VIIIL.1, it directly leads to the first complete
characterization of program equivalence in quantum relational
Hoare logics only using finite-valued PSD predicates.

Our starting point is the instantiation of QOT under data
processing with C, = C; = Ps{;/m, studied in [9], [11]-[13].
For simplicity, we write T instead of TP.&W,' It is clear that T’
encapsulates some notion of equivalence: T'(p, o) = 0 if and
only if p = o, given p, o density operators. However, 1" cannot
fully capture equivalence under data processing, because it
is not contractive under general quantum channels [12], i.e.
T(E(p),E(0)) < T(p,o) does not always hold for every £.
Indeed, it does hold for tensoring with an arbitrary quantum
state [9], i.e., £ : p — p®~y, but not for the partial trace. This
makes it difficult to completely reason about the equivalence
of data processing operations using the current definition of
T.

Fortunately, [12] proposed a stabilized version of 7', defined
by Ts £ inf, T(p ® 7,0 ® 7) by extending (tensoring) with
an arbitrary auxiliary state -y, which satisfies several desired
properties such as joint convexity, and

o (Invariance under tensor product)

Ts(p®y,0@7) =Ts(p,0).

« (Contractivity under data processing) For £ € OC,
To(E(p),E(0)) < Ts(p,0).

Surprisingly, it turns out that Ty(p,0) = T(p ® £,0 @ ).
The proof is technical and employs techniques like the Haar
measure; we leave the details to Appendix H, and provide
some intuition. Intuitively, this fact can be understood from
two perspectives: 1) the quantum marginal problem, such as
the monogamy of entanglement [14], implies that extending
the state can yield more couplings and therefore Ts(p, o) <
T(p,0) and 2) extending it by a maximally mixed qubit
is sufficient to produce all couplings that minimize optimal
transport on the cost function Pj@m, instead of ranging over
all . These properties give a complete criterion for checking
the equivalence of two quantum channels:



Proposition IV.7. Two quantum channels & and & are
equivalent if and only if for all density operators pi,po,

T5(&1(p1), E2(p2)) < Ts(p1, p2)-

While [12] already gives a precise characterization of T in
terms of QOT, as a semi-definite program, we rephrase it as
the following duality theorem:

Proposition IV.8 (Duality for Stabilized QOT). Given
p1,p2 € DY(H) and € € RY, the following are equivalent:

D) Ts(pr,p2) <€
2) ForallY1,Ys € Pos(H®Hs) such that Pjy;m [HQHs] >
2Yh ® I —IQ®Ys), it holds that:

tr(tra(Yy)p1) < tr(tra(Ya))pe) + €.

This property is crucial for establishing a judgment char-
acterizing program equivalence (see Theorem VIII.1), as T
itself cannot be directly encoded within our program logic.
It additionally allows us to use a split postcondition and
thus make the judgment completely derivable (Theorem VI.6)
without first applying the duality rule.

V. QUANTUM PROGRAMS

We now present the syntax and semantics of the quantum
programs considered in this paper.

A. Syntax

We choose to use the quantum while-language defined in
[15], [16]. We assume a finite set qVar of quantum variables
and use q, qo, q1, g2, - . . to denote them. The finite-dimensional
state Hilbert space of a quantum variable ¢ is denoted H,,.

A quantum register is a finite sequence of distinct quantum
variables. The state space of a quantum register ¢ = qq . . . g,
is then the tensor product Hg = Q" Hg, -

Definition V.1 (Syntax [15]). The set qProgs of quantum
while-programs is defined by the following syntax:

S u=skip [ 51;52 | ¢:=10) | 7:=U[q] (1)
|if (Om-Mgl=m — Sp,) fi 2)
| while M[g]=1do S od 3)

The constructs skip and sequential composition Sy; So are
similar to their counterparts in the classical or probabilistic
while-programs. The initialization ¢ := |0) sets the quantum
register ¢ to the basis state |0). The statement § := U[g| means
that unitary transformation U is performed on the quantum
register g. The construct in (2) is a quantum generalization of
classical case statement. In the execution, measurement M =
{M,,} is performed on @, and then a subprogram S,,, will be
selected according to the outcome of the measurement. The
statement in (3) is a quantum generalization of while-loop,
where the measurement M has only two possible outcomes: if
the outcome is 0, the program terminates, and if the outcome
1 occurs, the program executes the loop body S and then
continues the loop.

B. Semantics

For each quantum program S, we write var(S) C V for the
set of all variables ¢ € qVar appearing in S. The Hilbert space
of program S is the tensor product Hs = @), par(s) Ha-

We interpret each program S denotationally as a complete
positive trace non-increasing map [S] € QO(Hs) as follows:

Definition V.2 (Denotational Semantics [15]). For any input
state p € Hg, we have:

1) [skip](p) = p;

2) [g:=10)1(p) = 3=, 10)q(nlpln)q (0

3) [q:=Ufqll(p) = UzpU{;

4) [S1; 52](p) = [S2D([511(p))

5) [i#(0m- Mg = m — Sn)B](p)
=2m [Sim] (M pDM},);

6) for loop while[M, S| = while M[g] =1 do S od:

>

oo

[while[M, S])(s) = | | [while® [, S]](p),
k=0
where while® [M, S] is the k-fold iteration of the loop

while:
while” [M, S] = abort,
while**V[M, S]
= if M[q] = 0 — skip
O 1 — S;while®[M, 9] fi
for k > 0, || stands for the least upper bound in the
CPO of partial density operators with the Lowner order

C (see [16], Lemma 3.3.2), and abort is a program that
never terminates so that [abort](p) = 0 for all p.

In the special case where [S] € QC(Hs), we say that S is
almost-surely terminating (AST), or simply write S € AST.
VI. A QUANTUM RELATIONAL HOARE LOGIC

We now present qOTL, a quantum relational Hoare logic
similar to [2] extended with logical variables, and prove its
soundness. As we shall see in Section VI-B, this extension is
crucial to enabling our completeness results.

A. Definition
In qOTL, judgments are of the form
FZ:{P} 51~ 5 {Q}

where predicates P, Q € Pos™(Hs, ® Hs,), i.e., are infinite-
valued positive semi-definite operators over Hg, ® Hg,, pa-
rameterized over Z, and S, Sy are programs. Validity of the
judgment is defined using partial couplings.

Definition VL1 (qOTL Validity). The judgment v Z
{P} Sy ~ Sz {Q} is valid, written

’:Z{P} SlNSQ {Q},

if for every z € Z, and p € D'(Hg, ® Hs,), there exists a
partial coupling o for ([S1](tr2(p)), [S2](tr1(p)))p such that

tr(Pyp) > tr(Q,0).



We usually write P (resp Q) instead of P, (resp Q.) when
there is no ambiguity.

Whenever S7, 52 are AST programs, the partial coupling o
is a coupling (see Lemma D.3), which is consistent or similar
to previous works [1], [2].

Validity can be recast in terms of contractivity, which allows
us to investigate it from a QOT view.

Lemma VI.2. £ Z : {P} S; ~ Sy {Q} if and only if for all
z € Z, ([S1], [S2]) is contractive w.r.t. P and Q.

Fig. 1 introduces a minimal set of proof rules of our logic.
Our set of proof rules contains so-called one-sided rules for
initialization, unitaries, conditionals and loops. We only show
left rules; there exists a similar right rule for each construct.
We note that the one-sided rules are the obvious counterparts
of the usual rules for quantum Hoare logic [15]; for instance,
the rule for while loops requires users to provide a loop in-
variant. Besides, our proof system features the usual two-sided
rules for skip and sequential compositions. Lastly, our proof
system features two structural rules. The (csq) rule is the rule
of consequence; it is based on Lowner order. The (duality) rule
is an application of the duality theorem, and is used to reduce
postconditions to universally quantified split postconditions.
Note that the rule requires that the postcondition () is bounded,
i.e. @ € Pos rather than Q € Pos™. In particular, our core
set of rules does not feature additional two sided-rules. We
discuss two-sided rules in Section VI-C.

Also, we showcase concrete examples in Appendix G.

B. Soundness and Completeness

Every derivable judgment is valid.

Theorem VI3 (Soundness). If - Z : {P} Sy ~ S2 {Q}, then

Conversely, one can prove completeness for bounded post-
conditions and AST programs. The proof is divided into two
main steps. First, we establish completeness result for split
postconditions, i.e., postconditions of the form Q1 R o +1; ®
Q2. With this result in place, we can then leverage duality
to derive completeness for all AST programs, and bounded
postconditions.

The first step towards completeness is to show some form
of one-sided weakest precondition for AST programs.

Lemma VI.4 (One-Sided Weakest Preconditions). For every
AST program S, we have

FZ:{([S]'® I)(Q)} S ~ skip {Q}.

The lemma is proved by structural induction on the program
S. One can then lift the results to the case of two programs.

Lemma VL5 (Two-Sided Weakest Preconditions). For every
AST programs S1, S5, we have

FZ o {([S1]T @ [S2] (@)} S1~ S2 {Q).

Now we are ready to give our completeness result.

Theorem VI.6 (Completeness for Split Postconditions). For
every AST programs S1,Ss, we have:

FZ:{P}S1~S {Q1®I+1®Qs}
implies
FZ:{P} S1~ 8 {Qi®1+1®Qa}.

Using the duality theorem, we can then derive that qOTL
is complete for all terminating programs with finite postcon-
ditions.

Theorem VI.7 (Completeness for Terminating Programs).
For every AST S, S programs and bounded predicate () €
Pos(Hs, ® Hs,), we have: E Z : {P} S1 ~ Sy {Q} implies

Proof. The desired judgment follows from an application of
the duality rule and the provability of:

FZ{P} 51N52 {Q} —
HZ,(Y1,Yo,n) €Y : {P+nl}
Sp~ S (Vi@I+1® (nl—Ys)}

where ) is defined as in Theorem IV.6 with C; = P and
C, = Q. Provability of the latter follows from completeness
for split postconditions. O

C. Two-Sided Rules

This part considers two-sided rules. Such rules are not
needed for completeness. However, they allow to carry lock-
step reasoning about structurally similar programs, and typ-
ically lead to simpler and more intuitive derivations. For
example, it may be easier to establish the equivalence of two
loops using a two-sided loop rule rather than using twice a
one-sided loop rule, simply because a two-sided loop rule
may use the loop invariant that the two loop bodies preserve
state equivalence. However, it can be challenging to define
sound and expressive two-sided proof rules for control-flow
constructs. For instance, [2] uses two-sided rules that involve
measurement conditions and entailment between measurement
conditions—where these entailments are proved by semantic
means. In this section, we show that these rules remain
sound for infinite-valued predicates, and we further show
how our formalism yields some proof rules to reason about
measurement conditions.

Definition VI.8 (Measurement Condition and Entailment, c.f.
[2]). Suppose M = {My,--- , My} and N = {Ny,--- , N}
are two measurements with the same output set. We say two
states p,o € D satisfy the measurement condition M ~ N,
written (p,0) E M =~ N, if for all i, tr(Ml-pM;r) =
tr(N;oN;).

Let I" and I"" be sets of measurement conditions. We further

define the entailment relation of two programs Sy, So between
(51,52)
I and I'', written T' &= I, if for all p,o € D' such that

(p,o) E I, it holds ([S1](p),[S2](o)) E I".



Two-sided rules: (skip) | 7. {P} skip ~ skip {P}

(seq)

FZ (P} S1~ 8 {Q} FZ:{Q} Sa~ S, {R)}
- Z:{P} Si;Ss ~ Si; S5 {R}

One-sided rules:

(@ssign-L) b 7 {37, ()4, 1) (0D P(I0)q 1y (i)} ¢ := [0) ~ skip {P}

@pply-L) + 7. (U e L)PU L)} q

= Ulg) ~ skip {P}

VYm.+ Z :{P,} S, ~ skip {Q}

Gf-L)

HZ {3, (My® DI P(M,, @)} if (Om-M[g) =m — S,,) fi ~skip {Q}
HZ:{Q} S ~skip {(Mo@I)TP(My® 1)+ (My @ I)TQ(My ® I)}

(while-L)
FZ:{(My®I)IP(My® 1)+ (M; ® )'Q(M; ® I)} while M[g] =1 do S od ~ skip {P}
PIP +HZ:AP'}S1~5{Q} QI3Q
Structural rule: (csq)
FZ:{P} S1~ S {Q}
FZ (Y1,Yo,n) e Y:{P+nl} S~ S {V1@T+1® (nl —Ys)} S1,S5, € AST
Logical rule: (duality) Where ¥ £ {(Y1,Y2,n) [n € N;OEY;;0E Y, Enl;Q 3V @1 —1®Ya} Q € Pos

= Z:{P} S~ S5 {Q}
Fig. 1. Rules for qOTL

Checking the entailment relation involves the program con-
structions is highly nontrivial [2]. In fact, the proposed method
in [2] is based on the semantics of the programs. Here, we give
a complete characterization so that checking entailment itself
can be done using program logic.

Theorem V1.9. For AST programs S1,S2, and measurements
M ={My, -+, My} and N = {Ny,---, Ny}, the following
are equivalent:

(S1,52)
DO E M=N;

2) E(Y1, Y, 21,0, Zk,n) € Vi {nl}S1 ~ Sy
{((CMIYiM)@I+I0[nl—(X,N Z;N;)] }
where Vi, ={(Y1,--- Y, Z1, -+ , Zg,n) |
Vi, 0CY;, 0EZ, EnlY; @1 -1® Z; £0,
Vi#i, VieI-1®Z; CI}.
We further define measurement properties as side conditions

to set up two-sided rules for if and while. Our definition
unifies Def. 5.4 and 7.2 in [2] (see Proposition E.3).

Definition VI.10 (Measurement Property, c.f. [2]). Let M =
{My, -+, My} and N = {Ny,---, Ny} be measurements,
and let {Q); 7Ly be a set of infinite-valued PSD predicates.
Then, we write I' = Z : {P}M ~ N{Q,} if for all p,o € D*
such that (p,o) E I and z € Z, if Tp(p,0) < +o0, there
exist couplings §; : (Mij;,NjaND for each j, such that:

Tp(p,0) > Ztr(Qj5j).

We can now defined two-sided rules in Fig. 2 and prove
their soundness.

Theorem VI.11 (Soundness of Two-Sided Rules). The extra
rules for qOTL in Fig. 2 are sound regarding the notion of
validity.

VII. INFINITE-VALUED AND PROJECTIVE PREDICATES

It might seem curious why we chose to present everything in
terms of infinite-valued predicates. What exactly do they buy
us? In this section, we answer this question by showcasing
the expressiveness of infinite-valued predicates, by showing
how it enables a complete semantic embedding of projector-
based quantum relational Hoare logics in qOTL. In the context
of qOTL, this gives us complete characterisations of non-
trivial properties like program equivalence, for free. In the
wider field of quantum program logics, this gives us a general
way of unifying the two types of predicates (projective and
quantitative) in the same logic.

A. Projective Predicates

Our logic, qOTL, follows a quantitative paradigm: we use
(generalised) positive semi-definite operators as predicates,
and reason about the ‘extent’ to which quantum states satisfy
those predicates by the expectations of the operators over the
states. The alternative approach, followed by [1], [17] and
parts of [2], uses subspaces (or equivalently projectors) as
assertions: a state p satisfies X € S(H) if supp(p) C X. In
the setting of quantum relational Hoare logics, this corresponds
to a notion of validity as follows:

Definition VII.1 (Logic for Projective Predicates). We write
EpaqruL: { X} S1 ~ S {Y'}, where X, Y € S(H1®Ha2), if for
any initial state p with supp(p) C X, there exists a coupling
o ([S1](tra(p)), [S2](tr1(p))) such that supp(c) C Y.

This formulation has several advantages compared to its
quantitative counterpart: the resulting logic often has simpler
rules, and several non-trivial properties have much simpler
formulations. Crucially, this is possible only because pgRHL
allows one to enforce projective preconditions, i.e., member-
ship of the initial state in a particular subspace. For example,



I'EZ:{PYM ~ M'{Ry;}

Extra rules:

(if)

Vk, FZ:{Ri} Sk~ S, {Q}

' Z:{P}if (Qk- Mg =k — Sg) fi~if (Ok- M'[g) = k — S}) fi {Q}

FZ:{PYM ~ M'{Qo, @1}

FZ:{Q:} S~ 5 {P}

(while)

F Z:{P} while M[g] =1 do S od ~ while M'[g] =1 do 5" od {Qo}

(seq+) I'=7:{P} 51~ 51 {Q}

(Sl’si)

I'EZ:{Q} So~Sy{R} I E I

I'-2Z7: {P} Sl;SQ ~ Si;SQ {R}
Fig. 2. Extra two-side rules for qOTL.

equivalence between two programs S1, So, or, equivalently, the
property that Vp € D(H).[S1](p) = [S2](p) can be expressed
as the judgement FqrHL {=sym} S1 ~ S2 {=sym}, Where im-
portantly, the precondition =g, forces the arbitrary initial state
p to satisfy tra(p) = tri(p). Unfortunately, similar constraints
on the initial state/coupling are not known to be expressible in
the bounded quantitative case. As a consequence, it takes much
more effort to characterise properties like program equivalence
using only positive semi-definite operators as predicates, as we
will later show in theorem VIII.1.

B. Enforcing Projective Preconditions Using Infinite-Valued
Predicates

It turns out that things are different when we allow infinite-
valued predicates. Consider a qOTL judgement of the form
E {P} S1 ~ Sy {Q} where P is of the form X|A =
oo - X+ + A. For any initial coupling p, if supp(p) C X,
then the judgement acts as if P = A; if supp(p) ¢ X
however, then the judgement is rendered trivially true. In
other words, X |A is the same thing as a normal quantitative
precondition A constrained by a projective precondition X! A
direct consequence of this insight is a semantic embedding of
pgRHL in qOTL as follows:

Proposition VIL.2. For AST programs Si, Sa, and X,Y €
S(Hs, ® Hs,) be projectors. The following holds:

F{X |0} S; ~ S {Y'} <= FpgraL {X} S1~ S, {Y}.

Noting that the postcondition here is bounded, by the
completeness theorem (Theorem VI.7), we directly obtain a
complete embedding of the projector logic into our logic for
AST programs, as shown in the following theorem.

Theorem VIL3. For AST programs Sy, So, and X,Y €
S(Hs, @ Hg,) be projectors, we can completely characterise
any property defined by the judgement Foqrur {X} S1 ~
Sg {Y} in qOTL

Therefore, as a corollary, we obtain a complete characterisa-
tion of program equivalence for AST programs — this has not
been achieved so far in existing quantitative quantum relational
Hoare logics [2], [3].

C. Wider Consequences

Infinite-valued predicates provide a general recipe for uni-
fying quantitative and projective quantum predicates. We have

seen how it works in the relational case; the same approach
also works in the non-relational case. Indeed, if we define a
quantum Hoare logic using projective predicates:

Definition VIL4. Let S be a qWhile program and X,Y €
S(Hs). We define Foqu {X} S {Y} to mean Vp €
D(Hs). supp(p) € X = supp[S](p) C Y.

A logic similar to [15] but using infinite-valued quantitative
predicates can also be defined:

Definition VILS. Let S be a program and P, Q) € Pos™ (Hs).
We define Figui {P} S {Q} to mean ¥p € D(Hg). tr(Pp) >
e(QLSp).

Following a similar reasoning, we could conclude a seman-
tic embedding result:

Theorem VIL6. For an AST program S, and X,Y € S(Hs),
the following holds:

FpgiL {X} S {Y} <= Figu {X | 0} 5 {Y*}.

Note that this is not the first or the unique possible em-
bedding of pgHL in a quantitative quantum Hoare logic. In
fact, in the simple, non-relational case, the naive embedding
is complete [18]:

FoaiL {X} S {Y} <= Fau {X 1} S {Y},

where qHL is a special case of igHL where all predicates are
bounded. The advantage of our approach lies in its generality:
it works even when the naive embedding does not apply, as is
the case of (quantum) relational logics [2].

VIII. APPLICATIONS

We present more applications of our completeness results in
characterizing non-trivial relational properties, including quan-
tum non-interference, quantum differential privacy, as well as
an alternative characterization of equivalence that only needs
bounded predicates. Interestingly, most of these results are
direct consequences of completeness for split postconditions
and do not require the duality rule.

A. Program Equivalence

In the previous section, we showed how equivalence can be
characterized with the help of infinite-valued predicates. But
can we do it only with bounded quantitative predicates? This
question is of particular interest, for it allows us to obtain a



complete characterization of equivalence with a more minimal
extension to existing quantum relational Hoare logics [2]. We
show that this is indeed possible, and it relies on deep results
in QOT.

Theorem VIIL1. Let S1,S3 be AST programs acting on the
same Hilbert spaces, Hs, = Hs, = H. S1 and Sy are
semantically equivalent, i.e., [S1] = [Sz], if and only if,

F(Y1,Ya,n) €Y : {nl + Py}
Sy~ Sg{tl‘g(yl) RI+I® (’I’LI - trg(Yg))}. 4)

where Y = {(Y1,Ys € Pos(H® Hs2),n € N) | 0C ¥3,0 C
2Yo Cnl,PL [H®Hs] >2(V1 @1 - 1®Ys)}

sym
Proof. Immediate consequence of Theorem VI.6 and Propo-
sition TV.8. O

Therefore, the fragment of qOTL using only finite-valued
predicates is complete for program equivalence for AST
programs.

B. Trace Distance and Diamond Norm

Another application of our completeness result for split
postconditions would be a notion of completeness with respect
to the diamond norm of quantum channels, which builds upon
the encoding of the trace distance — the quantum analogue
of the total variation distance. The diamond norm is closely
related to channel discrimination, as it quantifies the maxi-
mum probability of successfully distinguishing between two
quantum channels in a single-shot scenario with the help of
auxiliary systems. As such, it serves as the foundation in
reasoning about the robustness [19] and error analysis [20] of
quantum programs, particularly important in the current noisy
intermediate-scale quantum (NISQ) era and beyond [21]. We
first recall some relevant definitions and properties.

Definition VIIL.2 (Trace Distance (see e.g. [22] Definition
9.1.2)). Let p1,p2 be density operators over H. Then their
trace distance is defined as TD(p,0) £ ||p — oll1, where
Il - |l1 is the trace norm defined by |M||; = tr(vV Mt M).

Trace distance is also referred to as a quantum general-
isation of total variation distance, as it can be alternatively
characterised by the maximum (see Lemma 9.1.1 in [22]):
TD(p, o) = maxocpcr tr(P(p — 0)).

We have the following characterization of the trace distance.

Proposition VIIL.3 (Encoding of Trace Distance). The fol-
lowing are equivalent for all AST programs Sy, So such that*
HS] = H52~'
1) TD([S1](p1), [S2](p2)) < trx(@1p1) + tx(P2p2) for all
2 € Z and p1 X7 po, for some given subspace X;
) FOCPCT  {X | (421 @I+1®D)} S ~
Sy {PI+1® (I —P)}

We now introduce the notion of diamond norms of quantum
channels.

2We could also just ask all programs to be interpreted over H =
Hall variables> OF over H = Hvar(Sl)uuar(SQ)'

Definition VIIL.4 (Diamond Norm, Definition 8 in [23]). Let
& : M,(C) - M,,(C) be a linear transformation, where
M., (C) denote the set of n xn complex matrices, and let id,, :
M, (C) — M, (C) be the identity map. Then, the diamond
norm (also known as the completely bounded trace norm) of
D is given by ||®||o = maxx,| x|, <1 [(? ® id,)X]|.

The diamond norm induces the diamond distance. For
completely positive, trace non-increasing maps £; and £ with
domain Pos(H), their diamond distance could be written as

€1 = &Elo = [(E1@I)(p) — (E2@I)(p)|1,

max
pEDLH(HOH)
where Z is the identity quantum channel on H. Now, consider
setting X = Pyym[H @ H], and &, = P = cI/2 in
Proposition VIII.3, where ¢ > 0 is a constant. The property
we are trying to encode becomes

TD(([Su] @ Z)(p1), ([S2l © T)(p2)) S €, Vpi(=Zsym)™ p2-

Noting that py(=sym)? p2 iff p1 = po, this gives an encoding
of the diamond distance between [S1] and [Sz], which we
formally stated as follows.

Proposition VIILS (Encoding of Diamond Norm). Let ¢ €
R*. The following are equivalent for all AST programs S, Sy
such that H = Hg, = Hg,:
D I[51] = [Sa]llo < 2¢;
2) FO E P E Iq.[@’;.[ : {ngm[H®H] | (1+C)I} Sl ~
So{P®I+I®(I—-P)}

Theorem VIIL.6 (Completeness with respect to Diamond
Norm). The qOTL is complete with respect to diamond norm,
for AST programs.

Comparison to [19], [20]: The program logic introduced
in [19], [20] provides a sound method for reasoning about
the upper bound of (@, \)-diamond norm between a noisy
program and its ideal counterpart. However, its completeness
remains unknown. Theorem VIII.6 can be extended to es-
tablish complete reasoning for the upper bound of (X,1)-
diamond norm where X € S(H) is a subspace.

C. Quantum Wasserstein Semi-Distance

The Wasserstein metric, also known as the earth mover’s
distance, is a measure of distance between two probability
distributions. It is important because it characterizes the mini-
mal cost required to transform one probability distribution into
the other in the context of optimal transport. Several quantum
generalizations of the Wasserstein metric have been proposed.
However, so far, these generalizations have only been shown to
satisfy the properties of a semi-distance for density matrices.
In this work, we adopt the following definition of the quantum
Wasserstein semi-distance discussed in [9].

Let p,o € D(H) be two density operators. Their quantum
2-Wasserstein semi-distance W (p, o) is defined as W (p, o) =

T(p,0), where T(p,0) =Tp. (p,0) is the QOT between
p and o with the cost function'PSJ?;m, see Section IV-C for
details.



Verifying properties of programs related to the above quan-
tum Wasserstein semi-distance can be easily encoded in our
logic. Specifically, we investigate the Lipschitz property of
programs with respect to the quantum Wasserstein semi-
distance. This property asserts that the quantum Wasserstein
semi-distance between a program’s outputs is bounded by the
quantum Wasserstein semi-distance between its inputs scaled
by a constant A. This property can be directly encoded and
verified in our logic:

Proposition VIIL.7 (Encoding of Quantum Wasserstein
Semi-Distance). Let A > 0. The following are equivalent for
all AST programs S1,Sa such that Hs, = Hs,:

D) W([S1](tr2(p)), [S20(tr1(p))) < A - W (tra(p), tr1(p))
forall pe D(Hs, @ Hs,);

Theorem VIIL.8 (Completeness with respect to Quantum
Wasserstein Semi-Distance). The qOTL is complete with re-
spect to the Lipschitz property of quantum Wasserstein semi-
distance for AST programs.

D. Quantum Non-Interference

Another application of our logic involves characterizing
the concept of quantum non-interference. Intuitively, non-
interference refers to a critical property where the actions of
one group of agents in a computer system do not influence
the actions of another group of agents. This concept was later
extended to quantum settings in [24]. The key components
for defining quantum non-interference in their work include
quantum computer systems, a pseudo-distance for measuring
output distributions, and the degree of interference. We intro-
duce these notions as follows.

Definition VIIL.9 (Definition 3.1 in [24]). A quantum system
is a 6-tuple S = (H, po, A, C, do, measure), where

o H is a Hilbert space specifying the state space;

o p € D(H) specifying the initial state;

o A is a set of agents;

o C'is a set of commands;

o do={E cla € Aand c € C}isa set of trace-preserving
operations &, . which describes how states are updated
when agent a executes command c;

o measure = {Mgla € A} is a collection of sets of POVM
measurements, where each M, is allowable for agent a.

The quantum non-interference influence is measured by
the following pseudo distance dy; induced by POVM mea-
surements M. Let d(p,q) denote the total variation distance
between two probability distributions p and ¢ over the sample
space X. For a density operator p and a POVM measurement
E = {E\|\ € A}, we define the probability distribution pg ,
as pg,p(A) = tr(Eyxp). The pseudo distance dpr is formalized
as follows.

Definition VIIL.10 (Definition 3.2 in [24]). The pseudo dis-
tance dy; between two density operators p,o € D(H) induced

by a set of POVM measurements M is defined as
dyi(p, o) = sup d(pe(p),pe(0)).
EeM

For each agent @ € A in a quantum system S , we write
de = dy, for the pseudo distance defined by the set M, of
POVM measurements.

Let G C A be a group of agents, D C A be a set of
commands. For a sequence of actions @ = ajas---«, €
(A x C)*, we define a function purges p, for a that removes
the actions in D by the agents in group G. In other words,
purgegp(a) = afal - - - al,, where o = € (the empty action)
if o = (ai,¢;) with a; € G and ¢; € D, and o = oy
otherwise. The degree of (non-) interference is measured by
the pseudo distance dp; between the state operated by the
original actions and the state operated by the purged actions.

Definition VIIL.11 (Interference Degree, Definition 3.3 in
[24]). For a quantum system S = (H, po, A, C, do, measure),
let G1,Go C A be two groups of agents, and D C C be a
set of commands. Then, the degree that agents in Gy with
commands D interfere agents in Go is

Int(le D‘GQ) = sup {da(ga (pO)v EpurgeGLD(oz) (PO))}

ac(AxC)",
a€Ga

If Int(G1, D|G2) = 0, we will denote this as G1, D : |Ga.

For a quantum system S = (H, po, A, C, do, measure) with
an initial state py = ]0)(0|, we represent trace-preserving
operations &, . as corresponding AST programs S, ., and
sequence of actions « as AST programs S,. The following
and theorem shows the quantum non-interference property can
be encoded and verified using our logic.

Proposition VIIL.12 (Encoding of Quantum Non-Interfer-
ence). For a quantum system S = (H, po, A, C, do, measure)
with pg = |0)(0], let G1, G2 C A be two groups of agents, and
D C C be a set of commands. The following are equivalent:
. Gh D: |G2
e Vo € (A X C)*;

'ZGEGQ,EZ{E)\|/\€AE}GMQ,TQAE:
{I} ¢:=10); So ~ q:= ‘0>;SpurgeG1,D(a) {M},
where M = My @ I +1® (I — Mr) with My =} 5.0 Ex.

Theorem VIIL.13 (Completeness with respect to Quantum
Non-Interference). The qOTL is complete with respect to the
quantum non-interference property for AST programs.

E. Quantum Differential Privacy

Finally, with the help of infinite-valued predicates, we
can characterize a quantum version of differential privacy.
Differential privacy is a mathematical framework about pro-
viding statistical properties about datasets while preserving
private information of individual objects. The core intuition
behind differential privacy is that the output distributions of a
program should remain nearly indistinguishable when run on
two “neighboring” inputs, usually differing only by a single



element. This concept has been successfully extended to quan-
tum computing, resulting in the development of related but
distinct notions of quantum differential privacy. These notions,
as explored in works such as [25], [26], primarily differ in
how they define and characterize “neighboring inputs”. In this
paper, we adopt the following definition proposed in [25].

Definition VIII.14 (Quantum Differential Privacy, Definition
3 in [25]). Let €,0 > 0 be constants. A quantum operation
E on an n-qubit system is (g, 0)-differentially private, if for
every POVM M = { M }rcout(m), every set A C Out(m),
and every input p,o that differs at most one qubit (i.e., there
exists © € [n] that tr;(p) = tr;(0)), it holds that Pr[E(p) En
A] < exp(e) - Pr(E(o) €m A) + 0, where Pr(p ey A) =
ZmeA tr(Mpmp).

Let S be some quantum program that corresponds to
the quantum operation £. We could verify whether &£, or
equivalently [S], is (g, 0)-differentially private in our logic,
as implied by the following proposition and theorem.

Proposition VIII.15 (Encoding of Differential Privacy). The
following are equivalent for all AST programs S1 on an n-
qubit system:
1) [S] is (g,9)-differentially private;
2) Fien,0EMLCTI:{P sym
S{M I+ exp(e)l @ (I —M)}.
Here P; sym = Psym[Hn—i] @ (Iiqy ® Liay) for i € [n].

(exp(e) +0)I} S ~

Theorem VIIL.16 (A Complete Characterization of Quantum
Differential Privacy). The qOTL is complete with respect to
the quantum differential privacy property for AST programs.

IX. PROBABILISTIC DUALITY

There is a variety of relational program logics for proba-
bilistic programs [4], [27]-[29]. Similar to the quantum case,
validity of these logics is based on probabilistic couplings,
their completeness has remained an open problem. Recent
work by Avanzini et al. [4] defines a quantitative relational
Hoare logic, called eRHL, and shows that it achieves com-
pleteness for non-trivial classes of properties. Their proof
of completeness leverages a notion of split post-condition
similar to ours. However, their work lacks a general complete-
ness theorem. We show that their logic is in fact complete
for bounded postconditions. Completeness follows from the
classic Kantorovich-Rubinstein duality. Our phrasing of the
theorem is stated w.r.t. positive functions ¢; and co, to match
the assumption that assertions in eRHL take positive values.

Theorem IX.1 (Kantorovich-Rubinstein Duality). Let u, v be
discrete probability distributions over X and Y respectively,

and let ¢ : X xY — [0, +00) be a bounded function. Then
inf (Eule1] + Eyfez] —n)

E =
0er (p,v) 9[0]

sup
(n,c1,c2)EW
where I'(u,v) denotes the set of probabilistic couplings of 1
and v and (n,cy1,co) € W iff for every x € X and y € Y, we
have 0 < ¢1(x), c2(y) and c1(x) + c2(y) < c(z,y) + n.

It follows that every bounded post-condition is logically
equivalent to a universally quantified split post-condition—
where in the probabilistic setting a split post-condition is
simply the addition of two unary assertions on the first and
second state respectively. Therefore eRHL is complete for all
bounded postconditions.

Proposition IX.2. eRHL is complete for all AST programs
and bounded postconditions.

Note that completeness does not require adding a duality
rule, due to a difference of settings. Indeed, eRHL features a
very general rule of consequence, which allows using arbitrary
theorems from the theory of couplings.

Interestingly, [4] establishes a completeness theorem for
judgments of the pRHL logic, using Strassen’s theorem [7].
This is very similar in spirit to our use of the duality theorem.
In fact, Strassen’s theorem can be seen as a specialized variant
of the duality theorem for boolean-valued cost functions.
Furthermore, note that [4] uses the Kantorovich-Rubinstein
duality to prove that eRHL characterizes Kantorovich distance,
but fails to establish a link with completeness.

X. RELATED WORK AND DISCUSSION
A. Quantum Relational Hoare Logics

Our logic can be seen as a generalization of Barthe et al.’s
rgPD [2]. It differs with rqPD in three ways: we consider
possibly infinite-valued positive predicates (instead of finite-
valued and subunital ones), we consider an upper-bounding
instead of a lower-bounding semantics, and we allow for log-
ical variables. That said, rqPD can be semantically embedded
in our logic as follows:

Proposition X.1. Let Sy, Sy be AST programs and 0 C
P,Q C I be predicates. Then Fqpp {P} S1 ~ S2 {Q} iff
E{I—-P} S~ Sy {I—Q}.

Moreover, most of our proof rules are adapted from rqPD’s
rules, and it turns out that straightforwardly generalizing
rqPD’s one-sided rules to our setting is sufficient to achieve
completeness without needing two-sided rules with complex
semantic conditions like measurement conditions. Neverthe-
less, the said rules being still sound and potentially more
usable, we adapt them and further show that measurement
conditions can be reasoned about within our logic.

Barthe er al. [2] also discuss a logic using projective (instead
of quantitative) predicates similar to pgRHL, as well as an
incomplete embedding of that logic into rqPD. This work
achieves a complete embedding with the help of infinite-valued
predicates.

Another line of work [1], [3] is based on separable couplings
(instead of general couplings like in [2] and our work).
Unruh [1] defines the first sound relational program logic for
quantum programs based on projective predicates and sepa-
rable couplings. The primary motivation for using separable
couplings is that it is possible to prove soundness of a frame
rule. Li and Unruh [3] define an expectation-based variant
of [1]. The soundness of their logic is also proved with a



notion of validity based on separable couplings. Interestingly,
the motivation for using separable couplings in this case is
soundness—there is no frame rule in this logic. Neither of
these logics are known to be complete.

Comparing our logic to separable-coupling-based ones is
not the focus of our work. As already extensively discussed
by [2] and [3], while similar sets of proof rules can be sound
for both general-coupling-based and separable-coupling-based
notions of validity, it is unclear how these notions of validity
actually relate to each other. Moreover, it is unclear whether it
is possible to adapt ideas in our work (like Strassen’s theorem)
to obtain similar completeness results.

Finally, in [17], Yan et al. study approximative relational
reasoning by giving a logic similar to [2]’s projective logic, but
based on approximate couplings (where a p is an e-coupling
of p; and ps if both TD(p1,tra(p)) and TD(p2,tr1(p)) are
upper-bounded by e, where TD is the trace distance). In
comparsion, while our logic is quantitative and completely
characterizes various distance metrics like the Wasserstein
semi-distance, we do require couplings to be exact. It would
indeed be interesting to explore how expressive our logic is
for approximative reasoning compared to their work.

B. Quantum Optimal Transport

Over the past decades, efforts have been made to gener-
alize the optimal transport problem to the quantum setting.
Early attempts [30] defined the cost between two quantum
states using the (probabilistic) Monge distance based on their
corresponding Husimi distributions, and then explored the
physical consequences including unitary evolution and deco-
herence [31]. More recent approaches have framed quantum
optimal transport in terms of expectations over couplings.
Specifically, given quantum states p; and po, they have studied
the expectation tr(C'p) over possible “couplings” p of p; and
p2, for both general and specific types of costs:

[32] explored the QOT based on quantum coupling (Def-
inition III.1 but on continuous space), with the cost speci-
fied as energies involving position and momentum operators,
primarily for investigating applications in quantum mean-
field theory and its classical limits. Related results include
such as inequalities involving QOT and related potentials or
metrics [32], [33], Kantorovich type duality theorem [34], and
showing that QOT can be cheaper than the classical one [35].

Another approach [36], [37] examines QOT from a view of
changing one state to another, i.e, focusing on the properties
of quantum channels & that satisfy £(p;) = po. It was
shown that there is a one-to-one correspondence between such
channels and the couplings of (pT, p,), offering an alternative
definition of couplings. They further studied the cost function
Y,(Ri ® Iy — I ® RT)?, and established related entropic
and concentration inequalities [38], [39], with an application
showing the limitations of Variational Quantum Algorithms in
the presence of noise [38].

In addition to special cost functions, prior works have
systematically explored the general properties and associated
metrics or distances in quantum optimal transport (QOT)

[9], [40], [41]. For instance, [12] introduced a stable version
of QOT, as briefly summarized in Section IV. This line of
research aligns closely with our objectives, as we prioritize
the general relational properties of program states over specific
costs or physically oriented properties.

C. Reasoning about Program Equivalence

Outside of quantum relational Hoare logics, reasoning tech-
niques about equivalence between quantum programs/circuits
have been widely studied.

Several lines of works create axiomatizations of program
equivalence in the form of equational theories. Similarly to our
work, they look at notions of quantum computing with existing
and well-defined denotational semantics, with respect to which
they would prove properties like soundness and completeness.
However, they only focus on program equivalence and have
a very different goal of enabling equational reasoning. One
line of work stems from the categorical quantum mechan-
ics (CQM) programme [42]-[44] and leverages categorical
formalisms developed therein to produce string-diagrammatic
axiomatizations of quantum theory like the ZX calculus and
others [45]-[47]. Similarly to these calculi, [48] develop a
tool for reasoning about expressions formally written in Dirac
notation. Other works, including ours, have a specific focus
on quantum computing (CP and trace non-decreasing maps),
a proper subset of quantum theory (CP maps). In [49], Staton
presents an algebraic theory of qubit quantum computing and
proved that it completely axiomatizes a standard model of
quantum computation. Recently, [50] complements [49] by
giving an equational theory for unitary quantum circuits that
is complete for various gate sets, by extending /7, a model of
classical reversible computing.

Other works focus on models of quantum computation (e.g.
quantum concurrency) that do not yet have a readily available
notion of program equivalence. Quantum process calculi [S1]-
[54], for instance, model quantum concurrency by extending
classical process calculi with quantum primitives. Several
notions of behavioural equivalence were then developed based
on bisimulation. However, as [53] points out, each of these
proposals is subtly different from the others, and there is not
yet a consensus on which is the right one. Compared to our
work, quantum bisimulation handles a richer programming
language, but once again only handles equivalence.

XI. CONCLUSION

We have defined a sound and complete relational proof
system for quantum programs. Our proof system achieves
completeness from the duality theorem of quantum optimal
theorem. In addition, with the help of infinite-valued pred-
icates, we have given a complete embedding of projective
assertions into our logic.
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APPENDIX A
DEFERRED PROOFS IN “NOTATIONS AND PRELIMINARIES” SECTION

We first briefly review some basic concepts and propositions in linear algebra and quantum computing.

Quantum States. The state space of a quantum system is described by a complex Hilbert space H, which we ususally assume
to be finite-dimensional. A pure state is a unit (column) vector in the Hilbert space. For example, an d-dimensional quantum
state in C? has the form

v = (’Uo,’Ul,Ug, “e ,’Ud_l)T,

usually denoted as |v) with the Dirac symbol |-). The computational basis of C? is denoted as {|i)}¢=), where the j-th

coordinate of |i) is 1 if j = ¢, and O otherwise. The inner product between states |u) and |v) is denoted as (u|v), which
is the standard inner product in the Hilbert space, where (u| stands for the conjugate transpose of |u). Let |u) € C% and
|v) € C% be two states. Their tensor product, written as |u) ® |v), or |u)|v) in short, is defined to as the following vector
|u)|v) = (ugvo, ugvr, Ugve, . . ., Ud, Va,)T.

A quantum bit (or qubit for short), is a quantum state |¢) = «|0) + B|1) € C2, with |a|? + |3|? = 1. An n-qubit state is in
the Hilbert space of dimension 2.

Let H be a d-dimensional Hilbert space. The (linear) operators on # are just d x d matrices. For an operator A, the trace
of A, tr(A) is defined as Z?;& (j]A|7). It can be shown that tr(AB) = tr(BA) and thus tr(UAU') = tr(A) holds for linear
operators A, B and unitary operator U, meaning that the trace of an operator does not rely on the choice of basis. A density
operator p in H, is a positive semi-definite operator with trace 1. Applying the spectral decomposition theorem, we could write
it as p = >, pi|¢i)(¢s|, meaning that it can be regarded as a distribution over pure states. We could also regard pure states
|¢) as rank 1 density matrices |¢)(¢|. We call a positive semi-definite operator with trace no more than 1 a partial density
operator.

Quantum Operations. Evolutions on pure quantum states on 7 are described by the unitary operators U on H with UUT =
UtU = I. Given any state |¢), the evolution of U gives U|¢). A more general concept of quantum operations is quantum
channel, which could be seen as completely-positive and trace-preserving linear maps from the set of density operators in a
Hilbert space into another set of density operators in some Hilbert space. For a linear map & : D(H) — D(H), we say it is
completely positive if for all H’, the map £ ® I maps positive semi-definite operators on H ® H’ to positive semi-definite
operators, and it is trace-preserving if tr(€(p)) = tr(p) for any density operator p.

In this work, we only consider projective measurements. For a projective measurement M = {P;}, we require all the P;’s
are projectors, and ), P; = I. Given any density operator p, after performing the projective measurement M = {P;}, we will
observe the event ¢ with probability tr(P;p), with the post measured state P;pP;/ tr(P;p).

An observable, or a quantum predicate, is a positive semi-definite operator on 7. For an observable A, its spectral
decomposition can be written as A = > AP\, where P, is the projector onto the eigenspace corresponding to the eigenvalue
A. The expection of A in a state p is given by > A tr(Pyp) = tr(Ap).

The notion partial trace is a special quantum operation that discard the state of a system. Formally, for the Hilbert space
H1 ® Ho, we define partial trace over 11, written as tr; as a mapping from Pos(H; ® H2) to Pos(Hz), that satisfies

tri(4) = Y (il @ DA(li) @ 1)
K3
where |i) ranges over all computational basis of H;.

For more introductions and explanations of the above notions, we refer the readers to [5].

We now introduce some concepts that are useful in the study of quantum programs.

The Lowner order is a partial order of positive semi-definite operators, defined as follows: for A, B € Pos(H), A C B if
and only if B — A is positive semi-definite.

Definition A.1 (Support). Let P € Pos(H) be a positive semi-definite operator. Then, the support of P, denoted as supp(P),
is the subspace of H that are spanned by the eigenvectors of P associated with non-zero eigenvalues.

Definition A.2. Let H be a Hilbert space, X and 'Y be its subspaces. The join of X andY is defined as XVY = span{X UY},
where - represents the operation of taking the topological closure. The meet of X and Y is defined as X N\Y = X NY. The
orthogonal complement of X is X+ = {|1)) € H|[¢)) L |¢),V|p) € X}.

Here are some of the properties of the support that are needed for proofs in the subsequent parts.

Proposition A.3 (Properties of the Support). We have the following properties:

o Let P,Q € Pos(H), then supp(P + Q) = supp(P) V supp(Q);
e Let Xy and X5 be subspaces of a Hilbert space H, then £(X1V Xo) = E(X1) V E(X3) for any CP maps E.

Infinite-valued predicates.



In the following, we introduce the basic notions that are related to the infinite-valued predicates. We first formally define
the notion of infinite-valued predicates as follows.

Definition A.4 (Infinite-Valued Predicates). Given a Hilbert space H, A is called an infinite-valued predicate on H, if it has
a unique spectral decomposition {(\;, X;)}i, where \; € RT° are its eigenvalues, X;’s are projections onto eigenspaces that
are pairwise orthogonal, with ., X; = 1.

The set of all infinite-valued predicates is denoted as Pos™ (H).

For the arithmetic operations related to the +o00, we make the conventions that (+00) -0 =0- (+00) =0, (+o0) +a =
a + (+00) = 400 for a € RT>, 0/0 = 0 (this is used in normalization of quantum states, i.e., p = tr(p)(p/ tr(p)) even if
p =10), and +o00 < +o00.

The following lemma enables us to represent the infinite-valued predicates as two parts, namely the “finite” and “infinite”
part.

Lemma A.5. For any A € Pos™(H), it can be uniquely represented as (Pa, X a), written A = (Pa, X ), where P4 € Pos(H),
X4 € S(H) such that P4 X 4 = 0, and we will write it as A = Pa + (400 - X 4).

Proof. Suppose A = Zj AjX;. We set Py = Zj:A](_s_oo AjX; and Xy = Zj:A,-=+oo X;. It is clear that P4 X4 = 0.
Now we prove the uniqueness. Suppose A could also be written as P + oo - X/. We first prove X4 = X/,. If not,
there must exist a non-zero vector [¢)) € X4 N X'{-, which satisfies (1|A|) = (|Palh) + co(¥|Xaltp) = +o0, and
(Y| Al) = (| Py [1) + 0o (| Xy [9b) = (1| P} |1b) < +00, a contradiction. Then, we have Py = X4+ AX§ = X AX = P,
as we desired. O

Here we introduces some basic operations for infinite-valued predicates:

Definition A.6 (Operations of Infinite-Valued Predicate). The basic operations of infinite-valued predicates can be defined as
follows.

e The addition for two infinite-valued predicates Ay, Ay is:
Ay + Ay £ (X (Pa, + Pa,) X+, X),

where X = X4, V Xa,.
o The tensor product for two infinite-valued predicates A1, As is

A1®A2é(PA1 ®PA27X)7

where X = (supp (Pa,) ® Xa,) V (X4, @ supp (Pa,)) V (X4, ® Xa,).
o For any |¢) € H and A € Pos®™ (H) with spectral decomposition {(\;, X;)}, the inner product ()| Al)) is defined as

(WIA[) £ > Xl |Xilp).
e For a density operator p € D(H), its expectation value on an infinite-valued predicate A is

tI‘(Ap) A tI‘(PAp), if Xap=0
00, otherwise

o For subspace X, X | A2 X - A- X + (+o0- X%1), or equivalently, X | A= (X VX4)Pa(XVXZ), XtV Xy).

Lemma A.7 (Basic Properties of Operations of Infinite-Valued Predicates). We have the following properties for A, Ay, Ay €
Pos™ (H):
e Scalar product cA for ¢ € RY* is defined such that for all 1), (1|cA|v) = c(| Al).
o Addition Ay + Ay such that for all ) € H, (P|(A1 + A2)|[¢) = (Y| A1) + (Y| Az|).
o Tensor product Ay @ Ay such that for all [1), [th2), (1] @ (¥2])(A1 @ A2)(|th1) @ [¥2)) = ((¢1|A1|th1)) - ((th2] Az[t)2)).
e Let M be a linear operator with H as its domain, M AM can be defined such that for all |b), (p|(MTAM)|b) = ($|A|p)
where |¢) = M |).
o For P € Pos with decomposition P = . a;|1;)(1;] (0 < a;), the trace is tr(AP) = Y. a;(1;|Al1);). Note that the
value is unique for any decomposition.
e For & € QO (more generally, CP maps) with Kraus operators {E;}, E1(A) = > EZTAEZ Note that it is unique for
arbitrary Kraus operators.

o Ay = Ay if for all |¢p), ($]A1]y) = (Y] As|i).



o AL E Ay if for all [4), (¢¥]A1|¢h) < (¢[Az]¢h).
For readability, we postpone the proof of the above lemma to Appendix J.

Lemma A.8 (Algebraic Properties). In the following, let a,b,c € RY>®, A A1, Ay € Pos™, M,M;,M>,--- € L, and
P, P, P --- € Pos. We have the following properties:

e 0A=0, 1A= A a(bA) = (ab)A;

e 0+A=A+0=A, A1 + Ay = Ay + Ay, A1+(A2+A3) = (A1+A2)+A3,'

e 0RA=AR0=0 A4 ® (A2® A3) = (41 ® A2) ® As;

e AR (cA1+A2)=c(A® A1)+ (AR As); (cA1 +A)) @ A=c(A1 @ A)+ (A2 ® A);

o 0TA0 =0, MJ(M]AM) My = (MyMy)tA(M; My); MT(cAy + Ay)M = e(MTA M) + MTAyM;

o (M; @ M)t (A1 @ Ag)(My @ M) = (M{ A My) @ (M As My);

o tr(A(cPy + P)) = ctr(AP)) + tr(APy); tr((cA1 + A3)P) = ctr(A; P) + tr(AP);

o t1((A; ® A2)(PL @ Py)) = tr(AyPy) tr(AgPy); tr((MTAM)P) = tr(A(MPMM)).

o tr((A®I)P) = tr(Atry(P)); tr((I ® A)P) = tr(Atr(P));

o tx(Al) (6]) = (9lAl).

o Ay = As iff for all P € Pos (or P € D) such that tr(A1 P) = tr(AyP);

o A1 C Ay iff for all P € Pos (or P € D) such that tr(A; P) < tr(AyP);

[ A1 E AQ lmplles MTAlM E MJTAQM, A1 E AQ and Ag E A4 lmplles CA1 + A3 E CA2 + A4.
As direct corollaries, for CP map &,&1, &,

o tr(AE(P)) = tr(ET(A)P); Ay T Ay implies E(A1) T E(Az);

o (€1 +&E)(A) = c&1(A) + E(A); E(cAr + Ag) = c€(Ar) + E(Ag);

. 52(51(14)) = ((‘:2 o 51)(14), (51 ® 52)(141 ® Ag) = 81(141) X 52(142)

For readability, we postpone the proof of the above lemma to Appendix J.

APPENDIX B
DEFERRED PROOFS IN “QUANTUM COUPLING” SECTION

Theorem B.1 (Theorem 1IL.3). For any p; € D(H1) and py € D(Hsz) with tr(p1) = tr(pz2), for any defect € € RT>° and for
any X € Pos(H1 ® Ha), the following are equivalent:

) p1 X po;

2) For any Yy € Pos(H1) and Ys € Pos(Hz) such that X Y1 ® Iy — I} ® Y, it holds that

tI‘(Ylpl) S tI'(YQ[)Q) + €

Proof. If € = +00, then both (1) and (2) trivially hold. So we consider the case that € € RT, i.e., € is finite.

e (1 = 2). Suppose p1 X7 pa, let p : (p1, p2) be the witness such that tr(Xp) < e. Then for any Hermitian Vi, Ys, if
X>Y1®I-1®Ys wehave tr(Yip1) =tr(Y1®@)p) <tr((X +1®Y2)p) < tr((I @ Ya)p) + € = tr(Yapa) + ¢,
where the second last step uses the assumption.

e (2 = 1). In this part of the proof, we write (A, B) to mean the Hilbert-Schmidt inner product (A, B) = tr(A'B).
The original proof [8] considers a semi-definite program (@, A, B). The primal formulation is that of maximising (A, Z)
subject to #(Z) = B, Z € Pos(H1 ® Hs), and the dual one is that of minimising (B,Y) subject to ¢T(Y) > A, Y

Herm(H1 @ H2), where:
A=1-X,B= (pl )
P2

ot (y) = ot <Y1

>

trl(Z))

g):m®h+h®n

The above formulation can be shown to satisfy strong duality, meaning that the optima for the primal and dual problems
exist and are equal.
Then, let us consider for all Hermitians Y7 € Herm(H1), Yo € Herm(H5) satisfying Y1 @ I + [ @ Yo > I — X, observe
that
(B,Y) =tr(Yip1 + Yap2)
= tr(Y3pa) — tr(¥Y{p1) + tr(p1)
> tr(p1) — €



where Yy = Ys +nl, Y/ = (n + 1)I — Y} with sufficiently large n € RT (e.g., bigger than all singular values of Y;
and Y2) such that Y3 and Y] are both positive. The second line is derived by using the assumption tr(p;) = tr(p2). By
condition (2) since Y{® I, — 1 @Y, =1 — (Y1 ® L+ 11 ®Y2) C I — (I —X) = X, we have tr(Y;p2) —tr(Y{p1) > —¢,
and this leads to third line.

By strong duality, we have (I — X, Z,ax) > tr(p1) — €, or equivalently, tr(Zpax) — tr(X Zmax) > tr(p1) — e. Since
t1(Zimax) = tr(p1), we have tr(X Znax) < €, which says that Z,., is a witness of the lifting p; X7 po.

O

Lemma B.2 (Lemma I11.4). Let p : {p1, p2). Then, tr(p) = tr(p1) = tr(p2).
Proof. This is direct by noting tr(p) = tr(try(p)) = tr(p1) = tr(tra(p)) = tr(p2). O
Before proving the relationship between x-coupling and partial coupling and its variant of Strassen’s theorem, i.e.,

Proposition B.3 and Theorem B.5, we first introduce some useful definitions:

o For any Hilbert space #, we additionally extend it to H* with one-dimension denoted by |). Let P, = [x)(x| the
projection of  space and P~ = I, — P, the projection to original space. (To avoid ambiguity, we write I, for the identity
of H*.)

o For any p € D(H), we define the star-extension p* £ (1 — tr(p))|x) (x| + p € D*(H*). Obviously, Pt p* P+ =

e For p1 € D(H1) and ps € D(Hs), we say p € D(HT ® H}) is a x-coupling of p; and ps, written p : (pl,pg)*, if
p:{p1:pP3)-

o For any A € Pos(H1 ® Hsz), we define A* € Pos(H} ® H3) as the embedding of A.

o For p € D(H} ® H3), we define the projection:

I (p) = (P ® P)p(Pl @ P) € D(H1 © Ha).
 For any p € D(H1 ® H2) such that p : (p1, p2)p, define

o =1+ tr(p) — tr(pr) — tr(p2))] ) (xx | +
(p1 — tra(p)) ® [%) (x| + [%) (*| ® (p2 — tr1(p)) + p.
Proposition B.3 (Relation to x-coupling). For given p; € D(H1), p2 € D(Hz) and A € Pos(H1 @ Hs), we claim that:
1) Any %-coupling provide a partial-coupling, i.e., II}-(p) : (p1,p2)p if p: {p1,p2)+-

2) We can construct x-coupling from a partial-coupling, i.e., p : {p1, pa)s if p: (p1,p2)p- In fact, I (p") = p.
3) If p: {p1, pa)s tr(A*p) = tr(AII(p)). As a consequence, if p: (p1, p2)p, then tr(A*pl) = tr(Ap).

Proof. (1). Suppose p : {(p1, p2)«. Compute
tra (115 (p)) = tra (P @ P)p(Py @ Py))
= P, tra((Le ® P)p(L ® PP
C P tra(p) P
= Pl piP;
=pr
where we use the fact that tra(p) = tro((I, @ P)p(L, @ Py) + (I, @ PH) p(I, @ PF)). Similarly, tro(11;-(p)) T po. Furthermore,
observe that
= tr((P, ® P)p(P. ® P.)) + tr((1. @ PH)p(l. ® PH)) +
(P @ L)p(Py @ L)) — tr((P © Pr)p(Pi ® )
= tr((Pr @ Po)p(Pr @ Py)) + tr(p2) + tr(p1) — tr(I1 (p))
Note that tr(p) =1, 0 < tr((P, ® P,)p(P, @ Py)), we have tr(p;) + tr(p2) < 1+ tr(IT15(p)).
All above implies that IT}(p) : (p1, pa2) -
(2). Suppose p : {p1, p2)p. It is straightforward that :
tr2(p") = (1 + tr(p) — tr(p1) — tr(pz)) %) (+ +
(p1 = tra(p)) + tr(pz — tr1(p)) %) (4 + tra(p)
= (1= tr(p ) %) (#] + 1
= pi.

tr(p)



Similarly, try(p") = pj. Thus, p' : (p}, p3), or equivalently, pT : (p1, p2). I (p') = p is trivial by computation.
(3). Note that, A* is preserved under the projection P ® P, so

tr(A*p) = tr(A* (P ® PH)p(Pr @ PL)))
= tr(AIL} (p)).
O

Proposition B.4 ((Sub-)convex Combination of Partial Coupling). Let {\;};c; be a subdistribution over index set I (i.e.,
0< X\ <1foralli, and Y, \; <1), and p; € D(H1), 0; € D(H2), and partial couplings §; : (p;, 0;), with indices from I.

Then
Z il < Z AiPis Z )\iai>p.

As an corollary, for any p € D(H1), 0 € D(Ha) and 0 < ¢ <1, if § : (p,0)p, then cd : (cp,co)p.

Proof. First observe:

tra (3" Ai) = Z)\ tra(83) C Z)\sz,
try (Z)\é) ZA try (0 :ZAm
Further notice that, |
tr (3 Nipi) +tr (o Nie) = Zx (tr(ps) + tr(o7)
i i <Z)\ (1 + tr(6 Z)\ +tr(2)\5)
< 1+tr(ZAi5i)

as {\;}ier is a subdistribution. This completes the proof.
O

Theorem B.5 (Quantum Strassen’s Theorem for Partial Coupling). For any py € D(H1), p2 € D(Hz), A € Pos(H1 ® Hz)
and € € RT°, the following are equivalent:

1) There exists partial-coupling p : {p1, p2)p such that tr(Ap) <e;
2) Forany y1,ys € RT, Yy € Pos(H1),Ys € Pos(Hs), such that y1 < ya, Y1 < yoly, y11o < Yoand A Y101 — 11 Y5,
it holds that:

y1(1 —tr(p1)) + tr(Yip1) < ya(1l — tr(pe)) + tr(Yapz) + €.

Proof. If € = 400, then both (1) and (2) trivially hold. So we consider the case that € € R™, i.e., € is finite. We first introduce
the following condition:

3) There exists star-coupling p : {p1, p2)«, i.€., p: {p], p5), such that tr(A*p) <.
e (1 = 3). Let p be the witness of (1), then p' : (p1, p2), by Lemma B.3(2). According to Lemma B.3(3), tr(A*p') =
tr(Ap) <e.
e (3 = 1). Let p be the witness of (3), then IT}(p) : (p1, p2), by Lemma B.3(1). According to Lemma B.3(3), tr(AIl{(p)) =
tr(A*p) <

Thus, (1) is equivalent to (3). (3) says that, plA*#pz, then by Theorem II1.3, it is then equivalent to:
4) For any Z; € Pos(H7) and Zs € Pos(H3) such that A* 1 Z; ® Io« — I3+ ® Za, it holds that

t(Z1p}) < tr(Zaph) + €

What remaining to be shown is (2) equivalent to (4).



o (4 =2). Set Z1 = y1|*)(x| + Y1 and Zy = ya|*) (x| + Ya. Obviously, Z; € Pos(H}) and Z, € Pos(H}3). Observe that:
A" —(Z1 @ Inx — L1+ ® Z3)
= A — (y1[}) (x| + Y1) @ (|x)(x] + I2)
+ () (x| + 1) @ (y2|*) (%] + Y2)
=A-MeL-1L®Y2))+ (y2 —y1)| % %) (x * |
+ (y2Ii = Y1) @ [x) (x| + [x) (x| @ (Y2 — y1 12)
0.
So, tr(Z1p}) < tr(Zsp}) + €, or equivalently,
y1(1 —tr(p1)) +tr(Yip1) < yo(1 — tr(p2)) + tr(Yapz2) + €.
e (2 = 4). For any Z; € Pos(H}) and Zy € Pos(H3) such that A* J Z; ® Is« — I1+ ® Zs, by projecting it to P, ® Px,
Pj‘ QR P, P.® Pj‘ and P*J- ® Pj‘, the Lowner preserves, and thus:
y1—y2 <0 nla—Y2E0 Y1 —yo L EO
YieLh-L1Y, T A

where Z; = (¥ y,) and Z, = (¥? y, ). Furthermore, observe that

tr(Z1p]) — tr(Z2p3)
= y1(1 —tr(p1)) + tr(Yip1) — (y2(1 — tr(p2)) + tr(Yap2))
<e€

by employing (2), and this completes the proof. O

APPENDIX C
DEFERRED PROOFS IN “QUANTUM OPTIMAL TRANSPORT” SECTION

Proposition C.1. Given p1 € D(H1) and ps € D(Hs) where Hy and Ha are finite-dimensional Hilbert spaces, the set of
partial couplings S = {p | p: (p1,p2)p} is a non-empty, closed and convex set.

Proof. For non-emptiness, given p; € D(H); and p2 € D(He). We claim p = p; @ po € S. It is direct to see that
tra(p) C p1 and tri(p) C po. For the trace constraint, notice that tr(p) = tr(py) tr(pa), tr(p1) < 1, and tr(ps) < 1, we have
(1 —tr(p1))(1 — tr(p2)) >, meaning that tr(p;) + tr(p2) < 1+ tr(p) as we want.

For closeness, given p' — p with p’ € S, we show that p € S. By definition, we know tra(p’) C p1, or equivalently, for
any o € D(H;), tr(p;o ® I) < tr(p10). Fixed o, the function tr((c @ I)-) is linear and continuous. Therefore, by p® — p we
know tr(tra(p)o) < tr(pio). Since the above inequality holds for any o € D(H), we conclude that tra(p) C p;. Similarly we
can prove try(p) C po. By the continuity of the trace function, we can also conclude tr(p;) + tr(p2) < 1+ tr(p). Therefore
we have p € S.

For convexity, suppose 01,04 € S and A € (0, 1). Consider p = Aoy + (1 — A)oa. From try(o1) C py and tra(o2) C py, we
know Atra(op) 4+ (1 — A) tra(o2) C Apy + (1 — A)py. Simplifying above, we get tra(p) C pp. Similarly we have try(p) C po.
From tr(p;) 4+ tr(p2) < 1+ tr(oq) and tr(pr) + tr(pe) < 1+ tr(oz), we get tr(pr) +tr(pe) < 1+ Atr(oq) + (1 — A) tr(o2),
meaning tr(p;) + tr(p2) < 1+ tr(p) and p € S as we desired. O

Proposition C.2 (Jointly Convexity of QOT). Ler {)\; };c1 be a subdistribution over index set I, and p; € D(H1), 0; € D(Hz2)
with indices from 1. For any cost function C, It holds that:

TC(Z)\ipi7 Z Am) < Z NTe(piy 7).

As a corollary, if {\;}icr is a distribution and o € D(Hs), then TC(Zi AiPis O’) <Y AiTe(pis o).
Proof. Select &; : (p;,0;), such that Tc(p;, 0;) = tr(Cd;). By Proposition B.4, 3, \id; « (32, Xipis >, /\ioi>p, SO

To( Yo Nipi Yo Nioe) <t (€Yo Ndi) = - Atr(C8) = Y ATe(pis o).
O

The following lemma demonstrates that for contractivity it suffices to consider only density operators, which appears useful
in the following proofs.



Lemma C.3 (Lemma IV.3). Given two quantum operations & € QO(H1),E2 € QO(Hz), input and output costs , the
following statement are equivalent:

1) (&1,&2) is contractive w.rt. C; and Cy;
2) For all p; € DY(H1) and ps € DY (Ho),

Te,(E1(p1), E2(p2)) < Te,(p1, p2)-

Proof. (1 = 2) is trivial. For (2 = 1), by definition, it is sufficient to show that, for all p; € D(H1), pa € D(H2) and
p 1 {p1,p2)p. there exists o : (E1(p1),E2(p2))p such that :

tr(Coo) < tr(Cjo).
Since p is a partial coupling, then pj = tra(p) C p1, ph 2 tri(p) T pa, 1+ tr(p) > tr(p1) + tr(p). Set tr(p) = c. If

¢ =0, then tr(&1(p1)) + tr(€2(p2)) < tr(p1) + tr(p2) < 1, thus 0: (E1(p1), E2(p2))p, and obviously tr(C;p) = tr(C,0) = 0.
If ¢ > 0, by taking p} /c and p,/c in (2), there must exist a partial coupling

o: (& (P/1/C)» & (Plz/C»p

such that tr(C;(p/c)) > tr(C,o). By Proposition B.4, co : (p}, ph)p, and tr(C;p) > tr(Coh(co)), so it is sufficient to show
co : (E1(p1), E2(p2))p- First observe that,

tra(co) = ctr(o) C c€1(py/c) = E1(py) E Ei(p1)
and similarly, trq(co) E E3(p2). On the other hand,
1+tr(co) =1—c+c(1+ tr(o))

> 1—c+c(tr(&(pi/c)) + tr(E2(py/c)))

=1—c+ (tr(&1(py)) + tr(E2(p})))-
Notice that tr(p; — p}) > tr(€1(p1 — p})) since p} C py and & is a quantum operation, and similarly holds for ps, p}, we get:
tr(E1(p1)) + tr(&2(p5))
tr(&1(p1)) + tr(€2(p2)) — (tr(p1) + tr(pz))
+tr(ph) + tr(ph)
tr(&1(p1)) + tr(&2(p2)) — (1 + tr(p)) + 2tr(p)
= tr(&1(p1)) + tr(&2(p2)) —1+c¢

Combine these two inequalities, we obtain:

1+ tr(co) > tr(&(p1)) + tr(Ea(p2)),

which completes the proof. O

v

Vv

Lemma C.4 (Lemma IV.4). Suppose & € QC(H1),E2 € QC(Hs2) are two quantum channels. Then (E1,E2) is contractive
w.rt. C; and C, if and only if for every p € D(H1 ® Ha), there exists a coupling o : (E1(tra(p)), E2(tr1(p))) such that

tr(C;p) > tr(Coo).

Proof. (if) part. For all p; € DY(H;) and pa € D' (Hz), set p : (p1,p2) which obtains tr(C;p) = T¢,(p1, p2). Then by
assumption, there exists a coupling o : (&1 (tra(p)), E2(tr1(p))) (e, o : (E1(p1), E2(p2))) such that:

Te, (E1(p1), E2(p2)) < t1(Coo) < tx(Cip) = T, (p1, p2)-
Then by Lemma IV.3 we finish this part.
(only if) part. Since coupling is preserved under scaling, and by Lemma A.8, we only need to focus on p € D' (H; ® Ha).
Choose o : (&1 (tra(p)), E2(tr1(p))) which tr(Coo) = T, (E1(tra(p)), E2(tr1(p))). By assumption, we have:
tr(Coo) = T, (E1(tra(p)), E2(tr1(p))) < T, (tra(p), tri(p)) < tr(Cip).
O

Proposition C.5 (Proposition IV.5). The contractivity satisfies several desired properties for data processing:

1) Backward. (£1,&,) is contractive w.rt. (1 @ E)(C) and C. Here, £ is the dual of €, which satisfies tr(AE(B)) =
tr(EY(A)B) for all linear operator A, B.



2) Consequence. Suppose (E1,Es) is contractive w.r.t. C| and C!, and C| C C;, C, C C/, then (&1, &s) is contractive w.r.t.
C; and C,.
3) Sequential composition. Suppose (E1,E1) is contractive w.rt. C; and Cy,, and (E3,E}) is contractive w.r.t. Cp, and C,,
then (€2 0 &1,EL 0 E7) is contractive w.rt. C; and C,.
For any super-operator &, its dual ' is another super-operator. Whenever & is a quantum operation with Kraus operator {E;},
then £' has Kraus representation {EZ} o is the composition of two quantum operations, i.e., for all p, (£10E2)(p) = £1(E2(p)).

Proof. (1) By Lemma IV.3, for any p € DY (H; ® Ha), set 0 = (£1 @ &) (p). By the property of dual map, we have:
(€] ® E)(C)p) = 1(C(E @ &) () = t(Co).
It is then sufficient to show that o : (&1 (tra(p)), E2(tr1(p))),, Which is completed by noticing that:

tra(0) = tra((&1 ® €)(p)) E Eu(tra(p)),
tri (o) = tri((&1 @ &)(p)) E & (tr1(p)),
1 +tr(0) = tr(p) + tr(({ ® I)(&1 ® &2)(p))
@1+l @EI)p)
I(ne1+1eEmn))
r(E] (1) tra(p) + tr(EJ(1) tra(p))
r(&1(tra(p))) + tr(&2(tr1(p)))-
First two hold since £; and & are quantum operations, and furthermore, 51[ (I)C I and ET( IC I, thus, 0 C (I — Sif () ®
(I — (1)) which then leads to the inequality of fifth line.

(2) By Lemma IV.3, for any p € D'(H; ® Ha), by assumption, there exists o : (& (tra(p)), E2(tr1(p))), such that
tr(Clp) > tr(Clo). Thus,

— =~

tr(Cyip) > tr(Clp) > tr(Clo) > tr(C,o).

(3) For any p; and p}, and any partial coupling p : (p1,p})p, by the first assumption, there exists a partial cou-
pling o : (&1(p1),E1(p1))p such that tr(C;p) > tr(Cp0). From the second assumption there is a partial coupling
o' (E2(E1(p1)), EL(E1(PL)))ps Or equivalently, o’ : ((E1 0 E2)(p1), (€1 © £5)(p)))p such that tr(Cy,o) > tr(Cho’), which
concludes the proof by noticing tr(C;p) > tr(Cyo’). O

Proposition C.6 (Split Cost). The contractivity can further be checked via splitting output cost. Formally, Suppose &1,E5 are
quantum channels. (£1,&3) is contractive w.rt. C and Q1 @ I + I ® Q- if and only if

CIE@Q)RT+I®ENQ,).

Proof. The if part can be proved by combining Proposition IV.5 (1) and (2). For the only if part, by employing Lemma IV.4,
we have for all p € D(H1 ® Ha), there exists o : (E1(tra2(p)), E2(tr1(p))) such that
tr(Cp) > tr((Q1 @ I + 1 ® Q2)0)
= tr(Q1 tra(0)) + tr(Q2 tri(0))
= tr(Q1&1(tr2(p))) + tr(Q2&2(tr1(p))
= tr((€](Qu) ® 1+ 1 ® EJ(Q2))p).

Since this holds for all p, we must have: C' 3 £/ (Q1) ®@ I + I ® E1(Q2). O

Theorem C.7 (Theorem IV.6). Suppose & and E; are quantum channels and costs C; € Pos™ and C, € Pos (i.e., C, is
finite). Then the following statements are equivalent:

1) (&1,&2) is contractive w.rt. C; and C,
2) for all (Y1,Ya,n) €Y, (€1,&s) is contractive w.rt. C; +nl and Y1 @ I + I ® (nl —Ys), where Y = {(Y1,Ya,n) | n €
NOCY0CE Yo CEnl;C, 311 -1 ® Y}

Proof. As & and &, are quantum channels, we employ Lemma IV.4 to interpret contractivity.
(1) says that for all p € D(H; ® Hs) there is a o : (&1 (tra(p)), E2(tr1)(p)) such that tr(Coo) < tr(C;p), or equivalently,

E1(tra(p))Col Ex(tr1) (p)
where ¢ = tr(C;p).



(2) says that for all p € D(H;1 ® Ha), positive Hermitians Y7, Y2 and n such that Yo T nl (where such an n always exists
for any Y2) and Y1 ® I — I ® Y3 C C,, there exists a coupling o : (& (tr2(p)), E2(tr1)(p)) such that

tr(Cip) + ntr(p) > tr(Y1 @ I)o) + ntr(o) — tr((I @ Ya)o)
which, by noticing tr(o) = tr(p) since & and &; are quantum channels, is equivalent to
tr(Y1 (&1 tra(p))) < tr(Y2(E2 tr1(p))) + tr(Cip).
The equivalence then follows from Theorem III.3. O
Symmetric space is useful for describing equivalence of states, as studied in [8]:

Lemma C.8 (State Equivalence (e.g. [2] prop 3.2)). Let =y, be the projector (I + SWAP). Then, for any py, ps € D(H),

p1=p2 == p1(=gym)¥pa.

Proposition C.9 (Proposition IV.7). Two quantum channels £, and E; are equivalent if and only if for all density operators
p1; P2, Ts(E1(p1), E2(p2)) < Ts(pr, p2)-

Proof. The “only if” part holds directly by the contractivity of stable QOT under data processing [12].

For the “if” part, for any p € D'(H), from the assumption, we have 0 < T(p, p) < T'(p, p) = 0. Thus, T (E1(p), E2(p)) = 0,
or equivalently, (& (p) ® £, (p) ® £) = 0, indicating &, (p) ® £ = E3(p) ® L. Then, we know &;(p) = &x(p) for all p,
meaning that & = &,. O]
Proposition C.10 (Proposition IV.8). Given p1, pa € DY(H) and € € R, the following are equivalent:

1) Ts(p1>p2) <e€

2) For all Y1,Y; € Pos(H ® Hy) such that Py, [H® Ho] > 2(Y1 @ I — I @ Y3), it holds that:

tr(tra (Y1) p1) < tr(tra(Ya))p2) + €.

Proof. By the property of T, we first observe:

Ts(ph P2) = inf (Pslym [H b HQ]T)’
TH{p1®%,p20%)

which implies that, (1) is equivalent to (p1 @ £)(Ps,, [H ®H2])f(p2 ®1). Employing Theorem II1.3, (1) is further equivalent
to:

3) for all Yi,Ys € Pos(H ® Hs) such that P [H ® Ha] > Y1 ® I — I ® Ya, it holds that:

sym
I 1
tr <Y1 (p1 X 5)) S tr (Yg(pg X 5)) + €.
Notice that, tr(Y;(p; ® £)) = tr(tra(%)p;) for i = 1,2, direct substitutions of Y/ = ¥ translate (3) to (2). O

APPENDIX D
DEFERRED PROOFS IN “A QUANTUM RELATIONAL HOARE LOGIC” SECTION

Lemma D.1 (Lemma V1.2). & Z : {P} Sy ~ Sy {Q} if and only if for all z € Z, ([S1], [S2]) is contractive w.r.t. P and Q.

Proof. We employ Lemma IV.3 to interpret contractive.
(if) part. For all z € Z, and p € D'(Hs, @ Hs,), by assumption we have:

To([511(tr2(p)), [S2](tri(p))) < Tr(tra(p), tri(p)) < tr(Pp).

Set o+ ([S1](tra(p), [S2](tr1 ()} such that To([S1](tra(p)), [Sa](tr1(p))) = tx(Q@o). Then tx(Qc) < tr(Pp).
(only if) part. For all z € Z, p; € DY(H1) and py € D*(Ha2), set p : {p1, p2) such that Tp(p1, p2) = tr(Pp). By assumption,

there exists o : ([S1](tr2(p)), [S2](tr1(p)))p Gee., o : {[S1](p1), [S2](p2))p) such that:
Tp(p1, p2) = tr(Pp) > tr(Qo) > To([S1](p1), [S2](p2))-
O

Lemma D.2 (qOTL Validity Alternative). E Z : {P} S ~ S2 {Q} if and only if for every z € Z, p1 € D(Hs,), p2 € D(Hs,)
and partial coupling p : (p1, p2)p, there exists a partial coupling o : {[S1](p1), [S2](p2))p such that

tr(Pp) > tr(Qo).



Proof. (if) part. For every z € Z, p1 € D(Hs, ), p2 € D(Hs,), select partial coupling p : (p1,p2), such that Tp(p1, p2) =
tr(Pp), by assumption there exists a partial coupling o : ([S1](p1), [S2](p2)), such that
tr(

To([S10(p1), [S2](p2)) < tr(Qo) < tr(Pp) = Tp(p1, p2),

so ([S1], [S2]) is contractive w.r.t. P and @, then by Lemma VIL.2.
(only if) part. For every z € Z, by Lemma VL2, ([S1], [S2]) is contractive w.r.t. P and Q. For p; € D(Hs, ), p2 € D(Hs,)

and partial coupling p : (p1, p2)p, select partial coupling o : {[S1](p1), [S2](p2))p such that To([S1](p1), [S2](p2)) = tr(Qo),
then:

tr(Qo) = To([S1](p1), [S21(p2)) < Tr(p1, p2) < tr(Pp).

Lemma D.3 (qOTL Validity for AST Programs). Suppose S and Sa are AST programs. Then E Z : {P} S1 ~ So {Q} if
and only if for every z € Z, and p € D(Hgs, ® Hs,), there exists a coupling o : ([S1](tr2(p)), [S2](tr1(p))) such that

tr(P,p) > tr(Q.0).
Proof. Direct by Lemma VI.2 and Lemma IV.4. O
Theorem D.4 (Theorem VI.3). If+ Z : {P} S; ~ Ss {Q} then E Z : {P} S; ~ Sy {Q}.

Proof. By induction on the structural of the program, analogously to the soundness proof in [2].
(skip), (assign-L), (apply-L): By employing Lemma VI.2 and Proposition IV.5(1) and the denotational semantics.
(seq): By employing Lemma VI.2 and Proposition IV.5(3) and the denotational semantics.
(if-L): By employing Lemma VI.2 and Lemma IV.3, it remains to be shown that for all p € D! and o € D!,

TQ([[if]](P)vg)S >, (M @D, Py (M, ,,,L®1)(/)7U)-

Set pm = Em(p) = MpmpM,, and p,, = tr(pm), so [if](p) = 3, Pm[Sm](pm/Pm). By assumption and Proposition C.2, we
have:

TQ([if]]( ) TQ me[[sm]](pm/pm < meTQ [[Sm]](pm/pm < meTPm (pm/pm; )

m

On the other hand, select § : {p, o) such that

TZ (Mpm®I)}, P, (Mm®1)('0’ )—tr((Z(M ®I)Ian(Mm®I))5)

_metr (M, @ I)6(M,, @ DI /).

Notice that, (M,, ® I)6(M,, @ I)! /pm, is in fact a coupling of {p,,/Pm, o), s0

tr(Pm((Mm ® [)5(Mm Y I)In/pm)) >Tp, (Pm/pma U)a

and this complete the proof.
(while-L): Let z € Z and p be the initial joint state. Set oy = p, and inductively define

opi1 ¢ ([S1(tra(Ex(om)/ tr(E1(on)))), tri(Er(on)/ tr(Ex(om))))p
as the partial coupling obtained by applying (IH) on initial state & (oy,)/tr(E1(oy)), and opy1 = tr(€1(0y))ony1. For
simplicity, we write
R=((My@I)TP(My® 1)+ (M; @ I)'Q(M; @ I)).

By (IH), we have tr(QS (on)/tr(&1(0n))) = tr(Ro;, ), or equivalently, tr(Q&(0y,)) > tr(Rop41).
We first check tra(op,) = ([S] o £1)™(tra(p)) by induction on n. The base case n = 0 is trivial. For n + 1, observe that:

tro(ont1) = tr(€1(on)) tra(oy )
C tr(&1(on))[S](tr2(Ex(0n)/ tr(€1(0n))))
= [S1(tr2(&1(on)))
= ([ST o &) (tra(on)).



On the other hand,

L+ tr(ongr) = 1+ tr(&1(on)) tr(o), 1)
> 1+ tr(&1(on)) (tr([S](tr2(E1(00)/ tr(E1(0n)))))
+ tr(tri(&1(on)/ tr(&1(on)))) — 1)
= 1+ tr([S](tr2(E1(on))))
=1+ tr(([S] o &1)(tr2(on)))

These two together imply tra(o,41) = ([S] o &1)(tra(on)) = ([S] o &)™ (tra(p)). Furthermore, tri(o),,) C

tr1(€1 (Jn)/tr(é'l (O’n))), or equivalently, try (Un+1) Ctry (51 (O'n))
Set 0 =), E(oy). Its convergence is ensured by realizing that

Ztr 50 tI‘g O'n Ztr gO [[Sﬂ 051) (tr2( ))))

(ﬂwhlle]](trz( ) < tr(p)-

Next, we check the inequality :

tr(Rp) = tr(P&(oo) + QE1(00))

tr(P&(00)) + tr(Ro1)

tr(P&(00)) + tr(PEu(o1) + QE1(01))
k

=Y tr(P&(on)) + tr(QE1 (0k))

n=0
> tr(Po).

vl

Thus, it is sufficient to check o : ([while](tr2(p)), tr1(p)), as follows:
tfg Zgo tI'Q Un Zg() [[SH 051) (tfg( ))

ﬂwhlle]](trg( ),
tri(p) = tr1(&o(00) + E1(00))
J tr1(€o(00)) + tri(o1)

= tr1(&(00)) + tr1(&o(o1) + E1(01))
k
23> tri(Eolon)) + tri(Ex(on))
n=0
Jtry(o)

1+ tr(o) = tr(tri(p)) + tr([while] (tra(p))).

(csq): By employing Lemma VI.2 and Item 2.
(Strassen): By employing Lemma VI.2 and Theorem IV.6. Note that () should be finite which is inherited from Theorem III.3.
O

Lemma D.5 (Lemma V1.4). For every AST program S, we have
FZ (ST © D(Q)} S ~ skip {Q}.

Proof. By induction.

Case skip: direct from the definition and (skip).

Case ¢ := |0): direct from the definition and (assign-L).

Case § := U|q|: direct from the definition and (apply-L).

Case Si;S2: Assume that for any Q we have - Z : {([S;]T ® I)(Q)} S; ~ skip {Q} for i = 1,2, we directly get from
(seq) since (([S1;92]") @ I)(Q) = ([S1]T @ D[([S2]T ® I)(Q)] by Lemma A.8:

= Z A([S]" @ DI([S21T @ D(Q)]} S ~ skip {([S2]" ® 1)(Q)}
= Z A([S:0" @ 1)(Q)} S2 ~ skip {Q}

=2 {(([S1: 820" @ 1)(Q)} S1; 52 ~ skip {Q}




Case if: assume that for any Q and m we have - Z : {[S,.]T ® I(Q)} S, ~ skip {Q}. Then, it follows directly from
(if-L) that
=2 ) (M @ D([Su] ® 1)(Q)](Min ® 1)} if ~ skip {Q}.

By Lemma A.8, knowing that
> (M @ D[([Sm]" ® D@ (M © 1)

m

=Y (Lo DI[Sa]" ® Q)]
= ((mszn o [Sn]") © Q)

= <<i[{smﬂ o &)l ©1)(Q)

= ([[i;]lfr ®1)(Q)

then allows us to conclude that
FZA([if]" @ 1)(Q)} if ~ skip {Q}

as required.
Case while: assume that for any @ we have - Z : {([S]T ® I)(Q)} S ~ skip {Q}. Then, we get that

=z A{([S]" ® Dl([while]" ® 1)(Q)]} S ~ skip {([while]' ® I)(Q)}

Let P = ([S]' ® I)[([while] ® I)(Q)]. Then, by the (least) fixed point property of [while], i.e., [while] = & + [while] o
([S] o &1), we obtain that

([while]" @ I)(Q) = [(&] + (&] o [S]) o [while]") ® 1](Q)
= (E] @ D(Q) + (&l ® I)(P)
by Lemma A.8. We thus obtain by (while-L) that
- Z:{P} S~ skip {(£] ® D)(Q) + (€] ® )(P)}
-2 {(E @ D(Q) + (& @ I)(P)} while ~ skip {Q}

which is the same as
F Z : {([while]" ® I)(Q)} while ~ skip {Q}

as required. O
Lemma D.6 (Lemma VL5). For every AST programs Sy, S, we have
FZ (1S @ [S207)(Q)} S1 ~ 92 {Q}

Proof. By using Lemma VI.4, its symmetric version and the rule (seq) we get:

=Z A([S] @ DI @ [S207)(Q)]} S ~ skip {(I @ [S2]")(Q)}
=Z {2 [S:1")(Q)} skip ~ S> {Q}

= Z (ST @ [S20T)(@)} S1 ~ 52 {Q}
as required by Lemma A.8. O

(seq)

Theorem D.7 (Theorem VI.6). For every AST programs Sy, So, we have:
FZ:{P}S1~S {Q1®I+1®Qs}

implies
HZ:{P} S1~S{Qi®I+1®Qs}
Proof. According to Lemma VI.2 and Proposition C.6, by assumption, it holds that
P 3 ([S117(Qu) ® I +1® ([S:1(Q2))
=[Sl @ [Sa)) (@& T+1© Q)



by employing Lemma A.8, and since S}, S5 are AST, so [S1]' and [S.] are unital maps, i.e., [S1]7(I) = I and [S3]T(I) = I.
Then, by Lemma VI.5 and the (csq) rule, we can derive

P 3 ([S1]®[S2D)1(Q)
FZ:{([S1] @ [S2DT (@)} S1~ S {Q}

FZ{P} SlNSQ {Q}
where QQ = Q1 ® I + I ® Q- as required. O

Theorem D.8 (Theorem VI.7). For every AST S1,Ss programs and bounded predicate Q) € Pos(Hg, ® Hs,), we have
':Z{P} SlNSQ {Q}

implies

FZ:{P} 51~ 5 {Q}
Proof. By Lemma VI.2 and Theorem IV.6, we know that
EZ (N, Yon)eY: {P4+nl}S~ S {1iI+1I® (nl—-Ys)}

where ) is defined as in Theorem IV.6 with C; = P and C, = Q.
Follows from Theorem VI.6 the completeness for split post-conditions, we know that:

FZ,(Y1,Yan) €YV {P+nl}S1 ~ So {Vi® T+ I® (nl — Ya)}.

Finally by applying rule (duality), we have

Proposition D.9 (Proposition X.1). Let S1, So be AST programs and 0 C P,Q T I be predicates. Then
’:rqPD {P} SlNSQ {Q} p— ':{I—P} SlNSQ {I—Q}

Proof. From [2], we know that Fgpp {P} S1 ~ Sy {Q} iff for all p € D(Hs, @ Hs,), there exists a coupling o :

([S1](tr2(p)), [S21(tr1(p))) such that
tr(Pp) < tr(Qo).

Since S1,S2 € AST, tr(p) = tr(o), thus it is equivalent to
tr((I — Q)o) < tr((I — P)p),

which, according to Lemma D.3, it equivalent to F {I — P} S; ~ Sy {I —Q} in our logic. Since P,Q C I, so it is guaranteed
that I — P, I — @) € Pos. O

Proof of Proposition VIL2. (=) part. For any p € D(Hg, ® Hg,) such that supp(p) C X, by assumption and Lemma D.3,
we know that there exists a coupling o : ([S1](tr2(p)), [S2](tr1(p))) such that

0 <tr(Yto) < tr((X | 0)p) =0,

the last equation is due to Lemma A.7 as tr(X 1 p) = 0. This asserts that supp(c’) C Y, which conclude that FpqruL {X} S1 ~
Sy {Y'}.

(<) part. By Lemma D.3, for any p € D(Hs, ® Hs,), if tr(X1p) # 0, then tr((X | 0)p) = +oo, by convention
then it holds. Otherwise, tr(X*p) = 0, so tr((X | 0)p) = 0 and supp(p) € X, by assumption, there exists a coupling
o ([S1](tr2(p)), [S2] (tr1(p))) such that supp(c) C Y, which leads to

(Vo) = 0 < tr((X | 0)p),
and this completes the proof. O

Proposition D.10. For programs S1, Sa, any Z, and Z-parameterised predicate P and Z-parameterised projector X € S(Hg, ®
Hs,), the following holds:

EZ:{X |0} S ~S {P} < FEZ:{X]|0} S ~S2 {supp(P)}.
As a corollary, if X € S(Hs, @ Hs,), then
FZ:{X |0} S~ {Y]|0} «<= EZ:{X|0} S ~S, {Vi}



Proof. For any z € Z, and p € D} (Hs, ® Hg,), if tr(Xp) # 0, then tr((X | 0)p) = +oo, thus both LHS and RHS holds,
i.e., exists partial coupling o of outputs such that tr((X | 0)p) > tr(Po) and tr((X | 0)p) > tr(supp(P)o). Otherwise,
tr(Xp) = 0, then tr((X | 0)p) = 0, then for any partial coupling o of outputs, tr(Pc) < tr((X | 0)p) = 0 if and only if
tr(supp(P)o) < tr((X | 0)p) =0, so LHS is equivalent to RHS. O

APPENDIX E
DEFERRED PROOFS IN “TwO-SIDED RULES” SECTION

Theorem E.1 (Theorem V1.9). For AST programs Si,S2, and measurements M = {My,--- , My} and N = {Ny,--- , Ni},

the following are equivalent:
(81,52)
Ho0 E M=N;

2) E (Y, Yo, Zi,o  Zgon) € Vi 2 {nd}Sy ~ So{(SMJYiMy) @ I + 1 ® [nl — (X,NZ;N;)]} where Yy =
{1, Y, Z0,-+ , Zpyn) | Vi, OCY;, 0C Z,Enl,Y, @I — 1@ Z,EONVj#i, ol —I® Z; C1}.

Proof. (1 = 2). By Lemma D.3 , for any p € D(Hs, ® Hs,), set p1 = tra(p) and ps = tri(p), o1 = [S1](p1) and
o9 = [S2])(p2). By first assumption, we know that for all i, tr(MialMiT) = tr(NiagNiT) and denote it by p;. Set the state

Moy M 0 e 0 NyoaN| 0 . 0

0 Mooy My - 0 0 NoooNJ - 0

Jll - : . .. . Ué - : : . .
0 0 o Mo M 0 0 -+ NpooN|

and obviously, ¢} € D(H; ® 7—[51) and o € D(H; ® 7-[52) where Hj, is the k-dimensional Hilbert space. In other words,
of = 3 1i)(il @ Myo1 M and o = 32, 1i)(i] © N;ooN[. Consider the PSD A = 3, (li)(i| ® Is,) ® (|j){j] © Is,) €
Pos((Hy, @ Hs,) ® (M1, ® Hs,)). We claim that o A¥ o, since we can construct coupling

o' =Y (li){il ® Mio1M{) ® (Ji){i| © NiowN]) /pi,
which o : (01, 0%) and tr(Ac’) = 0. By Theorem IIL.3, we know that for all Y € Pos(H;, @ Hg,) and Z € Pos(Hi @ Hs,)
suchthat A JY ® (I ® Is,) — (I ® Is,) ® Z, it holds that: tr(Yo]) < tr(Zo4). Now, back to (2) which we aim to prove,
forany (Y1, ,Yi, Z1, -+, Zp,n) €V, set Y =5 |i)(i{|®@Y; and Z = )", |i)(i| ® Z;, we check that:

Y& (k@ ls,) ~ (I @ ls,) & Z = (Z| ilev) o (Y lnulels) - (Xhes)e (Xliulez)
= 2l V) @ (i @ Tsn) = (i © Is) @ (i) 2]
S0 8 ) (501 Fs) — (561 © 1)@ ()51 2

i#]

—Z (il @i)i]) @ (Vi @ Is, — Is, ® Zi) + »_([i){i| @ [5)(j]) ® (Vi ® Is, — Is, ® Z;)
i#j

EZ |®|j j| (IS1 ®I»5'2)

i#]

=A

where, in the fourth and fifth line, we change the order of Hilbert space (HrQ@Hs, )R (Hr@Hs,) — (HrQHr) @ (Hs, @Hs,)
as they are isomorphic. Thus, it holds that tr(Yo}) < tr(Zc}), or equivalently,

0> tr(Yo!) — tr(Zob) —tr<(Z| iloY:) (Xl e Mom)) = (Tl e 2) (3 il @ NowN]) )
= YiMialMJ) — > te(ZiNioaN])

= tI:L ((ZlMZTY;Mz)Jl) —Ztl" ((ZZN:LZ,LNZ)UQ)
Note that tr(p) = tr(cy) = tr(oz) and set it as p. Let 0 £ 0y ® 09/p, realizing that o : {01, 02), and observe that
tr((nl)p) > tr((nl)o) + tr (3, M;YiM;)or) — tr (3, N]YiN;)os)
= tr((nl)o) + tr (X, M]YiM;) © Is,)0) — tr ((Is, @ (3, N ZiN:))o)
=tr (MY M) @ I+ 1@ [nI — (X;N]Z:N;)])o)



As p is arbitrary, so we finish the proof.

(2 = 1). For any p; € D'(Hs,) and po € D' (Hs,), by Lemma D.3 and Lemma IV.3, choose p £ p, ®ps € D(Hs, @Hs,)
which is a coupling of (p1,p2). Forany i =1,---k,selectY; =1, Z; =1,n=1,Y; =0and Z; =0 for all j # i. It is then
obvious that (Yy, -+, Yy, Z1,---, Zk, 1) € Y, so by assumption, there exists a coupling o : ([S1](tr2(p)), [S2](tr1(p))) (or,
equivalently, o : ([S1](p1), [S2](p2))) such that

ntr(p) > tr (((,MIV;M;) ® I+ I® [nl — (Y,N]Z;N;)]))o)
- tr(((MjMi) @I +nl —I1® (NJN;))o)
= tr(M]M; try(0)) — tr(N] N; try (o)) + ntr(o)
(M ([$1](p1) M) = tx(Ni([S20(p2)) N ) + m (),

since Sy, Sy € AST. Thus, for all i, tr(M;([S1](p1))M]) < tr(N;([S2](p2))N)). Notice that
Ztr i([S1(p1)) M) = tr([S1] (1)) = tr(p1) = tr(pa) = tr([Sa] (p2)) th i([S2](p2))N),

so it must be the case that tr(M;([S1](p1))M)) = tr(N;([S2](p2))N]) for all i, ie., ([S1](p1), [S2](p2)) E M ~ N, and
this completes the proof. O

Definition E.2 (Measurement Property, c.f. [2]). Define I' & Z : {P}M =~ N{Q} if for all p,o € D* such that (p,o) = T’
and z € Z, if Tp(p,0) < 400, then there exists couplings 0y, : (MkpM,I, NkUNlD such that:

Tp(p,0) > Ztr (Qk0r)-

Proposition E3. /). M =~ N Egpp A= {B,,} ifand only if M =~ N {I — A}M ~ N{I — B,,,}, where 0C A, B,,, C I.
2). Fpqrit M ~ N : X = {Y,,,} if and only if F {X | 0} M ~ N{Y,}} where X,Y,, € S.

Proof. We first prove clause (1).

(if) part. By Def. 5.2 and 5.4 in [2], for any p € D'(H; ® Hs) such that p Fqpp M ~ N (if p is partial, then we just
normalize it and everything still holds since coupling, trace etc are all scalable), i.e., Vi, tr(M; try(p)M; ) = tr(N; try (p)N; ),
in other words, (tra(p), tr1(p)) F M ~ N. By assumption, since A C I, so T7_ 4 (tr2(p), tr1(p)) < +oo, there exists couplings
8; : (M; trg(p)MiT,Ni trl(p)Nb such that

1—tr(Ap) =tr((I — A)p) > Tr—a(tra(p), tr1(p >Ztr ((I = By)d; —1—ZtrB(5

that is, tr(Ap) < >, tr(B;d;), or equivalently, M ~ N Fqpp A = {By,}.
(only if) part. For any p1, pa € D?, select coupling p : (p1, p2) such that tr((I — A)p) = Tr_a(p1, p2). Since (p1,p2) F
M = N, so Vi, tr(M;tra(p )MT) = tr(N; tri(p )N:) as tra(p) = p1 and tri(p) = p2, which implies p Fqpp M ~ N, by

assumption, there exists couplings 9; : (M; tra(p )M N; try(p)N]) such that tr(4p) < >, tr(B;d;), or equivalently,

3

Tr-a(p1, p2) = tr((I — A)p) =1 —tr(Ap) > 1= > tr(B;6;) = > _tr((I — B;)§

as desired.

Now we prove clause (2).

(if) part. For any p1,pa € D! (the case for partial state is similar just by normalize everything) such that p; X% p,. Let p
be the witness, thus supp(p) € X, in other words, tr((X | 0)p) = tr(0p) = 0 by Definition A.6, thus T'x|o(p1,p2) = 0. By
assumption, there exists couplings J; : (MileZ-T7Nip2NZ-T) such that

0="Txo(p1p2) > Ztr(Yf&;),

so tr(Y;18;) = 0, or equivalently, Supp(5 ) C Yi. So (M;py M])Y# (N;paN]) for all 4, ie., Epgrit M ~ N : X = {¥;,}.
(only if) part. For any p1,ps € D1, if Tx|o(p1,p2) = 400, then it trivially holds. Otherwise, there exists a coupling
p : {p1,p2) such that tr((X | 0)p) < +oo so supp(p) C X, thus p; X#po, by assumption, (M; leT)Y#(N pgNT), and
set &; as the witness. Thus, supp(;) C Y;, or equivalently, tr(Y;6;) = 0. Thus, >, tr(Y;%8;) = 0 < T'x|o(p1,p2), and this
completes the proof. O

Theorem E.4 (Theorem VI.11). The extra rules for qOTL in Fig. 2 are sound regarding the notion of validity.



Proof. (assign) and (apply) are the same as applying the corresponding one-side rule twice on the left and right.
(seq+) We employ Lemma V1.2 and Lemma IV.3 to interpret judgements. For any z € Z, p, o € D! such that (p, o) F I, by

first assumption, Tp(p, o) > To([S1](p), [Si](o)), by entailment we know that ([S1](p), [S1](c)) F I, then by the second
assumption, it holds that

Tr(p,0) = To([911(p), [511(0)) = Tr([S20(15:1(p)), [S20([511(0))) = Ta([S1; S2](p). [S1; S50 ().

(if) For any z € Z and p, o € D! such that (p,0) F I, if Tp(p,0) = +00, then obviously Tp(p, ) > TAg[[if]] (p), [if'] (o)),
and then follows by Lemma VI.2. If Tp(p, o) is finite, by the first assumption, tr(MypM,) = tr(MjoM,') (follows by the
existence of coupling and let it by Jx) and denote it by p. By the second assumption,

tr(Ridk) > piTr, (MipM] /pr, Mo M, /pr) > puTo([Sk)(MipM) [pr), [SK) (Mo M, /pi)).

Sum it up over k, we have:
Te(p,o) =Y tr(Rydy)
k
> > ok To([Se](MipMf /pr), [Si](Mio M, /p))
k
> To (Y prl Skl (MipM [ /pi), > e[Sl (Mjo M /pr.)
k

= To([if](p). [if'](2))-

Where the first inequality follows from the first assumption, the third inequality is due to Proposition C.2 since {py} is a
(sub)distribution. This completes the proof.

(while) Let &(-) = Mo()MJ, &1(-) = My(-)M{, E(-) = My(- )M, € () = M|(-)M]". Fix z € Z. For any o €
DY (Hs, @Hs, ), let p = tra(o) and p' = try (o). It is trivial if tr(Po) = +o0. Otherwise, tr(Po) < 400, so Tp(p, p') < +o0.
Set po = p, py = p's po =1, 50 po, py € D, and T, (po, p)) < +oo. We inductively construct pp, ply, O, P, @n as follows:

e Since pn,p,, € D' and T,(pn,p,) < +oo, by the first assumption, there exists o, : (Eo(pn), EY(p,)) and

oy, (€1(pn); E1(pr,)) such that

Tp(pn, py) = tr(Qoon) + tr(Q1ray,).

Let gn = pn tr(€0(pn)) = pn tr(Eg(py,)) and g = tr(&1(pn)) = tr(€1(py,))-
o By the second assumption, we know that

T, (Epn)/a,E1(py) /a) = Te([S1(Elpn)/a), [S'T(EL(0}) /a)-

Select the partial coupling 0, : ([S](&1(pn)/q), [S'1(€1(p))/@))p such that Te([S](E1(pn)/a), [ST(Ex1(P7)/0) =
tr(Poy,). We set ppy1 = tra(dn)/ tr(d,) and pf, | = tr1(0,)/ tr(0n), Pnt1 = Pnqtr(dy,). Obviously,

Tp(pnt1: Ployr) < tr(PS,/tr(8,)) = Tr([ST(E1(pn)/a), [ST(EL(P)) /a)/ tr(5y)
< To,(Eilpn)/a:E1(py)/q)/ tr(6n)
< tr(Quoy,/q)/tr(0n) = (Pn/Pn+1) tr(Qi0y,)
< (pn/Pn+1)TP(pn, o))
< +00.

Set o =Y. p;oy, it is sufficient to show 1) Tp(p, p') > tr(Qoo) and 2) o is a partial coupling of the outputs of two whiles.
We first show (1) is true. First, by the construction above, we know that:

pnTp(pna P;) > pn(tr(QOUn) + tr(Qlag))
> tr(Qo(Pnon)) + Pru(Pnt1/Pn) TP (Pnt1; Pri1)
= tr(Qo(Pnon)) + Prt1TP(Pnt1s Prys1)-



Thus, we have:

Tp(p,p") = poTr(po, py)
> tr(Qo(pooo)) + 11 Tp(p1, 1)
> tr(Qo(pooo + p101)) + p2Tr(p2, ph)

> tr (Qo( Yo pier))
= tr(Qoo) 1
To show o is a partial coupling, we first observe that p,p, C ([S] o £1)™(p) since:
Prt1Pn+1 = Puq t1(0) t12(8n)/ tr(8n) E puglS1(E1(pn)/a) = ([S] © €1)(papn) E -+ C ([ST 0 £1)" " (popo)-

Similarly, p,p!, C ([S’] 0 £1)"(p’). Thus, we have:

Prt1t12(0n11) = Pny1€0(pnt1) = Par1&o(tra(dn)/ tr(dn))
C put1&0([S1(E1(pn) /@) / t1(0n)) = Eo(([S] 0 E1)(Pnpn)))
C & o ([S]o &))" (p))

which leads to

tro(o antrg On I:Zf,’oo [S] 0 &)™ (p)) = [while[M, S]](p).

and similarly, try (o) C [while[M, S]](p").
We further observe that

tr(p) — tr([while[M, S](p)]) = Ztr (€00 ([ST o &1)")(p))
= tr(p) — tr(&o(p Ztr (&0 o ([STe &)™) (p))
= tr(&1(p)) —tr(([[SH o &) () +
tr(([S] o &)(p Ztr (&0 ([T o E)™)(([ST 2 £1)(p)))
zZtr((& [5T 0 €0)(([S] 0 €1)"(p))) + lim tr(([S] © €1)"(p))

>Z (&1 =[S0 &1)(pnpn)) +limpy,

where the last inequality comes from 1). tr((Z—[S])«) < tr((Z—[S])3) where Z is the identity quantum channel, if «, 8 € D
such that o C f8; 2). pppn C ([S] 0 £1)™(p) as we proved above; 3). tr(pnpn) = Dr. Similar result holds:

tr(p") — tr([while[M’, S"|(p)]) > Z (& =[S 2 &) (pnpyy)) + limpy,

From the fact that §,, is a partial coupling, we have the following equivalent forms:

tr([S](E1(pn)/q)) + tr([ST(E1(p)) /a)) < 1+ tr(dy,
> tr(([S] 0 &1)(pn)) + tr(([S'] © E1)(p},)) < tr(Ex(pn)) + tr(E1(p),)) — tr(Ex(pn)) + tr(E1(pn)) tr(dn)
= 0<tr((&1 = [S] e &) (pn)) + tr((E1 — [T 0 £1)(PR)) — tr(Ex(pn)) + tr(E1(pn)) tr(,)
= t1(E1(Pnpn)) — Pus1 < tr((E1 = [S] 0 E1)(Prpn)) + tr((E] — [S'] © £1)(Pnp}y))
= (pn = Pnt1) — tr(pnon) < (& — [S] 0 &1)(Prpn)) + tr((E] — [S] © €D (pnpl))

— —

since t1(pnoy) = pn tr(Eo(pn)) = Pu(tr(pn) — tr(€1(pn)) = pn — tr(E1(prpn))-



Combine these fact and back to what we aim to prove:

tr([while[M, S(p)]) + tr([while[M”, 5'](o)])

< tr(p) +te(p) = D (€~ [S] 0 &) (Pupn)) = Y (€] = [T 0 € (pup,)) — 2limp,
<2- Z((pn - anrl) - tr(pnan)) - 2117rlnpn

=2+ t:(a) — (po — liinpn) - 21171}1]7”

=1+tr(o) — liTIann

< 14tr(o).
Take these all together, o is a partial coupling of ([while[M, S](p)], [while[M’, S'](p’)]) and this complete the proof. [

APPENDIX F
DEFERRED PROOFS IN “APPLICATIONS”
Theorem F.1 (Theorem VIIL.1). Let S1,S2 be AST programs acting on the same Hilbert spaces, Hs, = Hg, = H. S1 and
Sy are semantically equivalent, i.e., [S1] = [Sa], if and only if,
F (Y1, Y2,n) € Vi {nl + Py, }S1 ~ Saftra(Y1) ® I + 1 ® (nl — tra(Y2))}.

where Y = {(Y1,Ys € Pos(H® Hs),n €N) |0C V1,0 C2Yo Cnl, PL [HRHa >2(Vi @1 -1 ®Ys)})

sym

Proof. The if part is relatively easy, while, the only if part requires Proposition IV.7 that conclude from stable QOP [12].

(if part). Suppose Eqn. (4) holds. For any p € D(H), select the input coupling as the witness of p(=s,m)# p whose existence
is ensured by Prop 3.2 in [2], i.e., the coupling p;, : {p,p) such that tr(P; ympm) = 0. By Eqn. (4), we know for any
(Y1,Y2,n) € Y, there exists coupling o : ([S1](p), [S2](p)) such that:

tr((tra (Y1) ® I — I ® tra(Ya))o)
< tr(Pgym[M]p) =0,

since tr(p) = tr(o), or equivalently,
0 >tr((tra(Y1) @ I — I @ tra(Y3))o)
= w([S1)() © 3) - 5V(IS:1(0)  3))

Since Y1,Ys € Pos(H ® Hy) are arbitrary (since we can always select sufficient large n € N) such that Py, [H ® Ha] >

2(Y1® I —I®Y>)}, according to Theorem IIL.3, we have:
1 1
([51](p) @ 5)(=sym)* ([S21(p) @ 3),

which, again by Prop 3.2 in [2], leads to [S1](p) ® £ = [S2](p) ® £, or equivalently, [S1](p) = [S2](p). Since p is arbitrary,

we must have [S1] = [S2].

(only if part). Since two programs are equivalent, by Proposition IV.7, we know that for any pi,p; € D!,
T ([S1](p1), [S2](p2)) < Ts(p1,p2) < T(p1,p2). Next, by Proposition IV.8, we know that for all Y1,Y5 € Pos(H @ Hz) such

that P, [H ® Ha] > 2(Y1 ® I — I ® Ya), it holds that:

sym
tr(tr2(Y1)[S1](p1)) < tr(tr2(Y2))[S2](p2)) + T'(p1, p2).
If n € N such that 0 C 2Y5 T nl, then we have:

Tiry (vi)@I+10(nI —tra(v2)) ([S1] (1), [S2](p2)) = n + tr(tr2(Y1)[S1](p1)) — tr(tr2(Y2))[S2](p2))
<n+T(p1,p2) = Thrypr (p1,p2)

sym

where we use the fact that S;, Sy are AST programs. The rest is straightforward Lemma IV.3 and Lemma VI.2. O

Proposition F.2 (Encoding of Trace Distance). The following are equivalent for all AST programs Sy, Sa such that® Hg, = Hs,:

1) TD([[Sl]](pl), [[SQH(/)Q)) S tr(@lpl) + tr(égpg) for all z € Z and plX#pQ;
2)) FOCPLCI:{X|(I+P1@I+1Q0P3)} S1~S2{PRI+I®(I—P)}.

3We could also just ask all programs to be interpreted over H = Hi variables» OF over H = Hoar(S1)Uvar(S2)-



Proof. Firstly, (2) is equivalent to saying that for all p : (p1, p2), P there exists a coupling o such that

tr(X | (I+ P @14+1®P2))p) > tr((P®1)o)+tr((I ® (I — P))o)
= tr(Poy) + tr(o) — tr(Pos)

where 01 = [S1](p1) and o2 = [S2](p2). Because S1, Sa are AST, this is in turn equivalent to saying that for all p, z and P,
tr((X [ (I + @1 @1+ 1@ P3))p) — tr(p) = tr(P(p1 — p2)),
which is equivalent to saying that

TD(p1.p2) = max tr(P(py — p2)) < (X | (I + 8 @ 1 +1@2))p) — tr(p).

Now, if p; X7 py does not hold, then tr(X1p) > 0 for any p, In this case, tr((X | ([ + &1 ® [ + I ® ¢3))p) = +oo and
the inequality trivially holds. Thus, we only need to consider the case when p; X# p,. In this case, we only need to consider
any coupling p with tr(pX*) = 0 (by our assumption, such p must exist). This gives

TD(p1, p2) = max tr(P(p1 = p2)) < tr(Prp1) + tr(P2p2)

as we desired.
O

Proposition F.3 (Proposition VIIL.7). Let A > 0. The following are equivalent for all AST programs S1,S2 such that Hg, =
Hs,:

D W([S:](tr2(p)), [S2](tr1(p))) < A - W (tra(p), tri(p)) for all p € D(Hs, ® Hs,);

2) F {)\QPjym} S1~ S {Pj&m}.

Proof. By definition, we know that the second condition is equivalent to: for every p € D(Hgs, ® Hs,), there is a coupling

o'+ ([$1](tra(p)), [S2](tr1 (p))) such that
N tr(pPL ) > tr(oPL, ).

sym sym

Note that o only depends on tra(p),tri(p). Thus, for fixed p; and ps we can write the second condition equivalently as

22 tr(pPSLym) —tr(oPZ, ) > 0.

min sym

max
pi{p1,p2) o:([S1](p1),[52] (p2))
This can be simplified to
A min tr(pPL,) > min tr(o P, ),
pi(p1.p2) (0 Feym) o:([511(p1).[S21(p2)) (7Foum)
which is equivalent to the first condition by definition. O

Proposition F.4 (Proposition VIII.12). For a quantum system S = (H, po, A, C, do, measure) with py = 0)(0|, let G1,G2 C A
be two groups of agents, and D C C' be a set of commands. The following are equivalent:

. Gl,D : |G2
o Vo € (A X C)*,

':CLEGQ,E:{E)\P\GAE}GMG,TQAE2
{I} q:=10);Sq ~q:= |O>;SpurgeG1’D(a) {M},
where M = My @ I +1® (I — Mry) with My =, . Ex.

Proof. By the definition of validity, the second condition can be equivalently written as the following.
Va e (Ax C),a€ Gy, E={Ex\]\ € Ag} € M, and T C Ag, we have

tr(pl) > tr(o(Mr @ I + I ® (I — Mr))),

which could be simplified to
tl'(MT(O'l — 0'2)) < 0,

with o1 = tra(0) = £,(]0)(0]), and o3 = tri (o) = gpurgecl,u(a)(|0><0|)' Now, notice that VT' C Ag tr(Mr(c; —02)) < 0is
equivalent to
% (9, (T) ~ P (1) <0,

we can rewrite the second condition as Vo € (A x C)*,a € Ga,

da (5a(‘0><0|)a5purgeG11D(a)(|O><O|)) <0.



Thus, it is equivalent to G, D : |G by definition. O

Proposition F.5 (Proposition VIII.15). The following are equivalent for all AST programs S on an n-qubit system:
1) [S] is (g,9)-differentially private;
2) Fien,0CMLCI:{P sym|(exple)+)I} S~S{MI+exp(e)l @ (I — M)}
Here Pj gym = Poym[Hn)—i] ® (Iiqy ® Liay) for i € [n].
Proof. We first notice that, by definition 1) states that for all measurement M, set A, and Vp,o, if 3i € [n] such that
tr;(p) = tr;(o), then
Pr[€(p) € A] < exp(e) -Pr(E(o) epm A) + 6.

This is equivalent to say VM, A, p,o and Vi € [n], if tr;(p) = tr;(o), then the above inequality holds.

Now consider some arbitrary fixed ¢ € [n], and any p and o with a coupling py : (p,0). If tr;(p) # tr;(c), then
tr(P;,mpo) > 0, and thus tr(po(Pisym|(exp(e) 4+ 6)I)) = +oo, meaning that it is always valid in this case. Therefore,
we only need to consider the case where tr;(p) = tr;(c). In this case, we consider the case supp(pg) C P; sy Without loss
of generality (otherwise the validity condition holds directly). The condition is for any M satisfying 0 C M C I,

exp(e) + 0 = tr([S](p) M) + exp(e) (1 — tr([S] (o) M),

which could be simplified to
te([S](p) M) < exp(e) tr([S1](0)M) + 6.

Note that when M goes over all 0 C M L I, it exactly goes over all POVMs Zme 4 My, we know that the second condition
is then equivalent to the first as we want. O

We need the following proposition about the projector onto the symmetric subspace.

Proposition F.6 (Adapted from Proposition 3.2 in [55]). p1 = p2 if and only if pl(:sym)#pz, where =y, stands for the
space of supp(Psym)-
Proposition E.7 (Proposition VIIL5). Let ¢ € RT. The following are equivalent for all AST programs Si,So such that
H="Hs, =Hs,:

D IS = [S:2Dlle < 2¢

2) FOCPLC Iygy : {Psym HOH] | 1+ )1} S1~ S {P®I+I®(I—-P)}
Proof. This is direct by applying Proposition VIIL3 with X = Pyy,,,[H ® H|, 1 = P = ¢I /2, and the definition of diamond
distance for completely positive and trace non-increasing linear maps. O

APPENDIX G
CONCRETE EXAMPLES
A. An Example of Program Equivalence (by Duality Rules)
Example G.1 (Example 1.1 in [55]). Let ¢ ‘b>e (‘1>qubit quantum variable, M be the computational basis measurement, and
0)+|1

M’ be the measurement in the basis |+) = VoI Consider the following two programs:

S1=q:=|0);q:= H[q]; Q1,
So = q:=10); Q2; ¢ := H]q].

Here
Q1 =if (00 Mlg] =0 — ¢:= X[q); 1 - M[g] =1 — ¢ := H[q]) fi,

and
Q2 =if (00 M'lq] =0 — ¢ := Z[q]; 01 - M'[q] = 1 — q = H[q]) fi

In the following, we will prove S; and S» are equivalent using one-sided rules.
In simple words, we want to show that {P;;, .} S1 ~ Sy {P;,,}. Using the duality rule as is stated in theorem VIILI, we
need to prove the following
F (Yh}/?’n) ey: {nI+P$7rL}

Sl ~ SQ{tI‘Q(Yl) ®I+I® (’I’LI — tI'Q(}/VQ))}
where J = {(Y1,Y2 € Pos(H®@ H2),n €N) |[0CY;,0C2Yo Cnl, Pt (H@®Hs) D201 @1 -1 ®Ys)}.

sym



To present our proof in a compact way, using rule R to infer the judgment I - Z : {A} P, ~ P, {B} will be written as:
{A}
L] Pl ~ Pg (R)
{B}

The proof is as follows.

{nl + Py, } {A1} (csq)

e ¢ :=|0); ~ skip; (assign-L)
{A2}

e skip; ~ ¢ :=|0); (assign-R)
{(HB1H)® I +1® By}

e q:= Hq];~skip;  (apply-L)
{Bi®I+1® By}

®Qy;~skip;  (if-L)

{tro(Y1) ® I + I ® By}

o skip;~ Qo;  (if-L)

{tro(Y1) @ T + I ® (nI — H tro(Y2)H)}
e skip;~¢:= Hlgl;  (apply-R)
{tra(Y1) @ I + I ® (nl — tra(Y2))}

Fig. 3. Verification of example G.1

Here we denote By = (1] tra(Y1)[1)[0)(0[ + (=[ tra(Y1)|=)[1)(1], Ba = nl — (| tra(Y2)|=)[ =) (=] = (1] tra(Y2)[)[+) (+],
Ay = ((0|HB1H|0) + (0| B2]0))I, and As = (HB1H) ® I + (0|B2]0)I. The detailed proof of 1 and Q- is as follows.
In the proof, for @1, we have My = |0)(0], My = |1)(1].

For the branch with measurement result 0, we have:
{(Xtro(Y1)X) ® I + 1 ® Ba}
e q:= X[q];~skip  (apply-L)
{tra(Y1) ® I + I ® Ba}

For the branch with measurement result 1, we have:
e ¢ := H]g]; ~ skip; (apply-L)
{tI‘Q(Yl) (2] I + I (024] BQ}

Fig. 4. Verification of @1 in example G.1

In the proof, for Q2, we have M} = |+)(+|, M| = |-)(—|.
Finally, we need to show that nJ + P;- 3 A; and apply the csq rule. This can be directly proved as follows:

Proposition G.2. Denote By = (1]tra(Y1)|1)0)(0] + (—|tra(Y1)| )11, Bo = nl — (—|tra(Ya)|=)|=){—| —

(1] tro(Y2)|)|4) (], Ay = ((0|HByH|0) 4 (0|B3|0))I, and Ay = (HByH) @ I + (0|Bs|0)1, where (Yy,Y2,n) € Y with
YV={("1,Y2 € Pos(H@H3),n € N) |[0C Y;,0 E2Y, Enl, P, (HQHy) 32(Y1 @1 —I®Y5)}. Then nl + Py, 3 Ay

Proof. Since Py, (H® H3) 32(Y1 ® 1 —I®Y5), we know for any p,
tr(pPSlym(/H ®@Hz)) > tr(2p(Y1 @ — I ®@Y2)).
Specifically, taking p of the form py ® |®)(P| where |P) = %(\00) +[11)), we get

tr(po Paym (H)) = tr(po(tra(Y1) @ I — I @ tra(Y2))),

sym



For the branch with measurement result 0, we have:
{tre(Y1) @ I +I1® (nl — ZH tr2(Y2)HZ)}

eskip;~ q:= Zlgl;  (apply-R)
{tro(Y1) @ I + I ® (nl — H tra(Y2)H)}

For the branch with measurement result 1, we have:
{tra(Y1) @ I + I @ (nI — try(Y2))}

e skip;~¢:= Hlgl;  (apply-R)
{tI‘g(Yl) ® I + I & (nI — Htrg(YQ)H)}

Fig. 5. Verification of Q2 in example G.1

meaning that
P (H) 3 (tr2(Y1) @ T — I © try(Y2)).

It suffices to prove that, for any density matrix p, we have
tr(p(nl + P5,.)) = tr(pAy).
By simplifying the above inequality, we only needs to prove
2tr(pPL ) > (1 trs(V)[1) + (—| tra(¥1)|—) — (—] tra(¥a)|—) — (1] tra(¥2)[1).
Note that, for o = 1(|1)(1] ® [=)(—| + |=)(—]| ® [1)(1]), we have
(U tra(V1)[1) + (—| tra(¥2)| =) — (=] tra(¥a)| =) — (1] tr2(Ya)|1) = 2tx(o(trs (Y1) @ I — I @ tra(Y2)).

Note that o is in the symmetric subspace, we know tr(pPy, ) > tr(cPg,,) = 0 for any p, giving that tr(pPg,,) >
tr(oPgy,,) > tr(o(tra(Y1) © I — I @ try(Y2))) as we desired. O

B. Applications of Two-sided Rules
Using theorem VIII.1, we need to prove the following
F(Y1,Ya,n) € Y : {nl + Py}
St~ So{tra(Y1) ® I + 1 ® (nl — tra(Ya))}.
where Y = {(Y1,Y2 € Pos(H® Hs),n € N) |0C Y7,0 C 2Y> C nLPj{lm(H @H) 2N T —-1R®Ys)}.

For simplicity, using rule R to infer the judgment I' - Z : {A} P, ~ P, {B} with measurement conditions or side
conditions " will be written as

{AH{SC : T'}
L] Pl ~ Pg (R)
{B}
The proof can be found in fig. 6, For simplicity, we write
B =nl + (1] tra(Y1)[1)[0)(0] © I — (1] tra(Y2) )T @ |+)(+]
+ (=t (YD)[ ) {A[ @ I = (= tra(Y2)| )] @ [) (=],
and ¢ = L((1]tro(Y1)[1) + (=| tra(Y1)|=) — (=] tr2(Y2)|—) — (1] tr2(Y2)|1)). We also use proposition G.2 for applying the
csq rule in the first line.

To apply the rule (if), we need to first verify the measurement condition M = M’ and the measurement property M =
M E{BIM = M'{Ayg, A11} before applying the (if) and (seq+) rule at QJ1; ~ Q2;. For the measurement condition, it can
be proved by using theorem VI.9 as follows. As the theorem states, we only need to prove

{nl}q:=10);q = Hlgl;~ g = [0); { (Z, M} YiMy) @ T + T @ [n] — (X,M;" Z:M7)] }
where Vo = {(Yy,Y1, 20, Z1,n) | Vi, 0CY;, 0C Z, Cnl,Y;, @1 -1I®Z;C0,Vj#1, Y;®I —1®Z; C I}. By applying

the rules (apply) and (assign), we only need to prove

(+1Zol+) + (=[21]=) = (0[¥0]0) + (1[Y3[1),



{nI + P, } {cI}(csq)

e q:=|0);~ q:=10); (assign)
{(H®)B(H®I)}

e q:= H[q];~skip;  (apply-L)
{B}{SC : M =~ M'}

®Q1;~ Q2; (if)

{tro(Y1) @ T + I ® (n — Htro(Ye)H)}
o skip;~ ¢ := Hlg];  (apply-R)
{tra(Y1) @ I + I ® (nI —tra(Y2))}

Fig. 6. Verification of example G.1 using two-sided rules

For the if branch with measurement result being 0, we have
{App = X tro(Y)N)X @ T+ I ® (nl — ZH tro(Y2)HZ)}
e q:= X|[ql;~ q = Z[q]; (apply)
{tro(Y1) @ I + I ® (nl — H tra(Y2)H)}

For the if branch with measurement result being 1, we have
{All = HtI‘g(Yl)H X I —+ I [ (TLI — tI‘Q(YQ))}
eq:=Hlgl;~q:=Hlq;  (apply)

{tro(V) @ I+ T ® (nl — Htra(Y2)H)}

Fig. 7. Verification of the if in example G.1 using two-sided rules

which is a direct result by using Y; ® I — I ® Z; C 0 on the states |0)|+) for ¢ = 0 and |1)|—) for ¢ = 1, respectively. With
the measurement condtion, we verify the measurement property as follows. By definition, we need to prove for all p, o such
that (p, ) E M ~ M/, if Tp(p,0) < +oo, then there exist couplings &y : (MJ pMo, M} oM}) and 6, : (M]pM;y, M| oM]),
such that

TB (p, 0’) > tI‘(Aoo(SQ) + tr(Auél).

As B, Agp and Aj; are split, the above inequality can be simplified to

tr(B(p @ o)) = (0[p|0) tr(Aoo|0)(0] @ [+) (+]) + (1]p[1) tr(An [1) (1] @ [=) (=),
with (0]p|0) = (+]|o|+) and (1|p|1) = (—|o|—), as implied by (p,c) E M = M’. Thus, the inequality further simplifies to
0 > 0 as all terms are cancelled.

APPENDIX H
STABILIZED QUANTUM OPTIMAL TRANSPORT COST

In this section, we briefly review the proof of

I I
Ts(p7 U) = T(p ® 570- ® 5)

in [12] for completeness.
We begin with a decomposition of the projector onto the asymmetric subspace.

Lemma H.1 (Identity (1) in [12]). We have
Pasym(dl ® d2) = Pasym (dl) ® Psym(dQ) + Psym (dl) & Pasym (dQ)

The following lemma is a special case of the Schur-Weyl duality. Suppose X € D(C? @ C?), and let X; be the following
UU-twirling channel

S4(X) = /M (U 2 U)X (U & UM,



where the integral is with respect to the Haar measure on group Uy of d X d unitary matrices. Then, we have:
Lemma H.2 (Theorem 10 in [56]).

Psym (d) Pasym (d)
Tr[Poym(d)] Tr[Pasym (d)]”

where Py (d) = (I — Fy)/2 is the projector onto the symmetric subspace, and Pagym (d) = I — Psym(d).

Za(X) = Te[X Py ()] + Tt X Pasyun(d)]

Proposition H.3. The channel Xy is self-dual with respect to the Hilbert-Schmidt inner product.
Proof. For any A and B, we have
tr[AT 2, (B)] = tr[AT / (UeU)BU" @ UNdU]
Uq

tr[AT(U @ U)B(UT @ UT))dU

S

Uqg

tr[(UT @ UNAT(U ® U)B|dU

Il
S

Ug

tr[(U @ U)AN(UT @ UT)B]dU

I
S~

Ug
= tr[24(AN)B].

Proposition H.4. Using the above notations, we have
(idd1 ® Z-dd1 Y Edz)(Pasym(dl & d2)) = Pasym (dl & d2)
Proof. This can be verified directly by using lemma H.1 and lemma H.2.

O

Theorem H.5 (Theorem 3.3 in [12]). For di-dimensional quantum density matrices p1 and o1, and dy-dimensional quantum

matrices py and oy, we have

I I
T(p1 ® p2,01 @ 02) ZT(01®22,U1®22)-

Proof. Let T4, A,B,B, be an optimal coupling state that gives the value T'(p; ® p2,01 ® 02). Equivalently speaking, we have

T (p1 ® p2,01 ® 02) = Tr [Ta, B, 43 B, Pasym(d1 ® d2)],
with 74,4, = p1 ® p2, and 7, B, = 01 ® 02. By proposition H.4 and proposition H.3, we have
T (pl ® p2,01 & 02) =Tr [TA131A2B2@(PaSym(d1 ® dQ))] =Tr [QS(TA131A2BQ) Pasym(dl ® dQ)]

where @ is the idg, ® idg, ® Yg, channel. Using lemma H.1, we have

Pym(d
O, 3 42B2) = W Au B, [T, By 4B (T @ Py (d2))] @ T[p((d)ﬂ
sym \ 42
Pas m d
8405574, 514255 (T © Py (d2))] @ T[P((d))]
asym

Therefore, we could write
Xa,B, = 74,8, (T4, B, 42 B, (I ® Pagym(dz))]
and
Ya,B, = tT4,B,[74, B, 4,8, (1 ® Psym(d2))],
with
Xa,B, +Ya,B, =tT4,B,[TA, B, A2 B,]-
Then, we have

’I‘T [¢(TAlBlA2BZ) Pasym(dl ® d?)] = Tr |:(XA1Bl ® %) Pasym(dl ® d2):|

+Tr KYAIB1 ® Tr]i;%?:rffl(iilﬂ) Pasym(d1 ® d2)]

=Tr [XAlBl Pasym(dl)] + Tr [YAlBl Psym(dl)] .



The last step is by using lemma H.1 and the orthogonality of Pagyr, and Pgyp,.
Now, define the state
Poym(2) Pasym(2)
Tr[Poym(d2)] Tr[Pasym (2)]

Note that 74, g, 4,5, is a density operator of dimension d; X dy X 2 x 2. We claim it is a coupling state of p; ® I/2 and
o1 ® I/2, this is because

TA1BiAsBs = X4,B, ® +YaB ®

TaAs = XA, ®I/24Y4, @I1/2=p1®@1/2,

and
BB, = XB, ®1/24+Yp ®I/2=01®1)2.

From a similar argument as above, we know

Tr (T4, B, A2 By Pasym (d1 ® 2)] = Tr [X 4, B, Pasym(d1)] + Tr [Ya, B, Psym(d1)]
Therefore, we know
T (p1 ® p2,01 Q@ 02) =Tr [Ta,B,4:B, Pasym(d1 ®2)] > T (p1 ® 1/2,01 R 1/2),
as T (p1 ® I/2,01 ®1/2) is the minimum value of Tr [7} 5. 4, 5, Pasym(d1 ® 2)] over all coupling states 7y 5 A.p,- U

From theorem H.5, we could immediately get Ts(p,0) = T'(p ® 2,0 ® £2). This is because

I I I I
T(p® -~ 0© ) 2nfT(p©y,007) 2 T(po 7,00 7).

The first inequality is by the definition of inf, and the second is by applying theorem H.5.
APPENDIX I
KANTOROVICH-RUBINSTEIN DUALITY
We first review the Kantorovich duality theorem in the theory of optimal transport.

Theorem 1.1 (Kantorovich Duality, Theorem 5.10 in [57]). Suppose(X, 1) and (Y, v) are two Polish spaces. Let ¢ : X x Y —
R be a lower semi-continuous function such that there exists some real-valued upper semi-continuous functions a € L*(u)
and b € L'(v), with

c(z,y) = a(x) +b(y), V(z,y) € X x V.

min / c(z,y)dr(z,y) = sup /¢ Ydv(y /w Ydp(x
mel(n,v) Jxxy PECH(X),

¢€Cb(x)7
Pp—¢<c

Then, we have

where Cy denotes the set of continuous bounded functions, and L' is the Lesbegue space of exponent 1.

Here, a Polish space refers to a topological space that is separable and completely metrizable. With the above theorem, we
have:

Theorem 1.2 (Kantorovich-Rubinstein Duality). Let v be discrete probability distributions over X and Y respectively, and
let c: X XY — [0,+00) be a bounded function. Then

inf  Egylc] = su E,lci| +Eylca] —n
0l () old (n,cl,cgew( wler] 2] )

where I'(u,v) denotes the set of probabilistic couplings of u and v and (n,cy,ce) € W iff for every x € X and y € Y, we
have 0 < ¢1(x), c2(y) and c1(z) + c2(y) < c(z,y) + n.

Proof. We first note that a countable set with the discrete topology is always a Polish space, and bounded functions on the

discrete space is always continuous. Now, by applying theorem 1.1 with ¢ = —b; and ¢ = bs, we have
inf Eglc]= sup (E,[bi] +E,[bs)]),
pe it Eolc] (b1,b2)€B( ulbr] + By [ba])

where (by,bs) € B iff by and by are bounded functions, and for every z € X and y € Y, we have by (x) + ba(y) < ¢(x,y).
We now show

sup  (Eulb] + Ey[bo]) = sup  (Epfer] +Eylea] —n).
(bl,bz)EB (n,Cl,CQ)eW



Since by and b, are bounded, there exists some integer m satisfying |by(z)| <

and |ba(y)| < m. We can then write

m
c1(z) = bi(x) + m and ea(y) = ba(y) + m with n = 2m, getting 0 < ¢1(x) and 0 < co(y). This gives

sup (Eu[b1] +Eu[b2]) < sup  (Euler] + Eofea] —n).
(bl,bz)EB (’IL,C],Cz)EW

For the other direction, observe that for fixed n, ¢ is bounded and ¢ (x) + c2(y) < ¢(z,y) + n, we can know ¢; and ¢z is
bounded. Therefore, write by = ¢ and by = co — n gives the desired result.

O

APPENDIX J
POSTPONED TECHNICAL PROOFS

In this section, we give proofs of the lemmas that are omitted in the previous part of the appendix.

Lemma J.1 (Lemma A.7). We have the following properties for A, Ay, Ay € Pos™ (H):

Scalar product cA for ¢ € Rt is defined such that for all |¢), (Y|cAlp) = c(]|Al).

Addition Ay + Ay such that for all |¢) € H, (V|(A1 + A2)|v) = (Y| A1]Y) + (V]| A2|).

Tensor product Ay ® Ay such that for all |11), [2), ((11|® (P2]) (A1 @ Ag)(|th1) @ [¢h2)) = (Y1 Ax]th1)) - (2] A2[th2)).
Let M be a linear operator with H as its domain, MTAM can be defined such that for all 1), (p|(MTAM)p) = (p| A|¢p)
where |¢p) = M|v).

For P € Pos with decomposition P = . a;|1;) (| (0 < a;), the trace is tr(AP) = Y, a;(1;|Al1);). Note that the
value is unique for any decomposition.

For £ € QO (more generally, CP maps) with Kraus operators {E;}, £E1(A) = > E;LAE'Z Note that it is unique for
arbitrary Kraus operators.

Ay = Az if for all [¢), (|Ar[Y) = (V| Az|t).

Ay T Ag if for all [0), (W] A1) < (0| Azl

Proof. In the following, let A =", X\; X;, where X is the projection onto the corresponding eigenspace. We will also write
Aas A= Pa+ 00Xy, where Pa =37, _ A\ X; is the “finite” component of A, and X4 =7, _, X, is the “infinite”
space of A. Similarly, we write A; =), )\EI)XZ»(” =Py, +00-Xa, and Ay =), )\(-Q)XZ-(Z) =Py, +00-Xa,.

For the scalar product cA, we define it as cA = ), cA; X;. By the definition of inner product, it is direct that ()|cA|y) =
c(pIAlY).

For the addition operation, we define it as Ay + Ay = X+(Pa, + Pa,) X+ +00- X, where X = X4, V X4,. We now
verify that (1| Ay + Ag|w) = (]| A1|9) + (| Ag|th). If (1| A1 + Aa|tp) < +o0, then we know 1) € X1, meaning that
X1]3p) = |1). Then, by the definition of X, we know (1| A;[1)) < +oo and (1| Asjth) < +oo. Thus, in this case the
condition holds. Now, consider the case when (|41 + As|1)) = +oo. Then, we know (1| X)) > 0. We claim either
(Y| X1]¥) > 0 or (1| X2|p) > 0, because otherwise |1)) € Xi- N X3, contradicting (v| X |¢) > 0.

For the tensor product, we define it as P4, ® P4, + 00 - X, where X = (supp (Pa,) ® Xa,) V (X4, ® supp (Pa,)) V
(X4, ® Xa,). We now verify that it satisfies the property. For any |¢1) and [¢)2), first suppose that (i |{¢a]A; ®
Ag|tp1)|ihe) = 0. We know that X|i1)[t2) = 0 and (11|(1a|Pa, ® Pa,|th1)|1p2) = 0. Therefore, without loss of
generality we can assume (11 |Pa, [1)1) = 0. From X |41)|¢2) = 0, we know X 4, [¢)1) = 0, meaning that (11| A;|¢1) =0
as we want.

Now, consider the case 0 < (11 |(¢2| A1 ® Az|th1)|12) < +o00. By definition, we know X |1)1)|¢)2) = 0, (11| Pa, 1) # 0,
(2| Pa,|th2) # 0, We first claim (11| A1]11) # 0, and (o] Az2|tha) # 0. If not, without loss of generality, we assume
(1|A1]p1) = 0. Tt gives |11) € (supp(Pa,)V X4,), meaning that X|i¢1)[1p2) = 0. We then know (1 |{3]41 ®
As|1)|12) = 0, a contradiction. We then claim (¢1]A1]1)1) < 400, and (12| Aa|th2) < +00. Suppose for simplicity that
(1| A1]th1) = +oo, we know X 4, |¢1) # 0. Combined with (12| Az|th2) # 0. we conclude that projecting |t/1)]12) onto
the space X 4, @supp (Pa,)V X4, ® X 4, is non-zero, meaning (11 |{1)2| A1 & Az|1)1)]1he) = +00, a contradiction. Since
both (1|A1|tb1) and (2| As|tbe) are non-zero and finite, a direct computation will give the equation we want.

For the case when (11](¥2|A1 ® As|thr)|th2) = +o00, we know X|11)[1ha) # 0. Suppose (11]|A1]11) < +oo, and
(12| Aa|ths) < +oo. we could conclude X4, |¢1) = Xa,|th2) = 0, giving X|¢1)|th2) = 0, a contradiction. Thus,
without loss of generality, we can assume (t)1|A1|¢1) = 4+00. We then claim (19| As|1o) # 0. Otherwise we will get
X |¢1)]12) = 0. We then conclude (11| A1|1)1) (12| Az|th2) = +00 as we want.

MAMT can be defined as M Pa M +oco-supp(M X MT). For any |¢) = M (1)), if (¢|A|¢) < +00, we know that X|¢) =
0, meaning that ()| M X MT|¢) = 0 Thus, (| MAMT|p) = ()| M PoMT|1p) < +00, and by definition (1)|MAMT|y) =
(Y|MPAMT|p) = (¢|A|p) as we want. If (¢p|A|d) = 400, we know that X|p) # 0, or equivalently, X MT|p) # 0,
meaning ()| M AMT|)) = +00 as we want.



For P € Pos, define tr(AP) = tr(PaP) if X4P = 0, and +oo otherwise. If P = " a;|1;)(¢;| with a; > 0. We first
notice that it suffices to consider the set of j with a; > 0 as 0 - +00 = 0. We then notice that supp(P) = span; {|¢;)}.
Thus, if tr(AP) < +oo, then X4|¢;) = 0 for any 4, with tr(AP) = tr(PaP) = >, a;(¢;|Palt;) as we want. If
tr(AP) = 400, then X 4 Nspan, {|1;)} # 0, meaning that there must be some ¢ with (1;|A|;) = +oc. Then, we know
> ai (il Alw;) = 400 as we want.

For a CP map £ and A = P4 + 00X 4, define £T(A) = X+E(Pa) X+ + 00X, where X = supp(E£(Xa4)). For £ with
Kraus operators F;, we know X can be written as X = supp(}_, EZTXAEi) =V; supp(E;fXAEi). By definition, we
know in this case £T(A) can be written as ), Ej AE; as we desired.

We first prove that X4, = Xa,. If not, let [¢)) be a normalized state in X4, N X7 . We know X4, |)) = 0 but
Xa,|9¥) = |¢). This means ()| A;|t)) = 400 but (1p|A2|Y)) < 400, a contradiction. Now, given that X4, = X4,, we
know that for any |¢) € Xz, D (supp(Pa,) V supp(Pa,)), (¥|Pa,|¢)) = (1)|Pa,|)), meaning that Py, = Py, as we
desired.

We extend the Lowner order of positive semi-definite operators to infinite-valued positive semi-definite operators as
follows: for A, B € Pos™ (), we say A C B if for any |[¢), (| A|) < (| By). By the definition of trace, it is clear
that A C B if for any p, tr(Ap) < tr(Bp). It is clear that it satisfies reflexivity and transitivity. For antisymmetry, it
follows from the previous property. Thus it is a partial order.

O

Lemma J.2 (Lemma A.8). In the following, let a,b,c € Rt>®°, A, Ay, Ay € Pos™, M, M, M,,--- € L, and P,P,, Py --- €

Pos.

We have the following properties:

0A=0, 1A= A, a(bA) = (ab)A;

O0+A=A+0=A A+ Ay = Ay + Ay, A1+(A2+A3) = (A1+A2)+A3,'
IRA=ARk0=0, A1®(A2®A3) = (Al ®A2)®A3,’

AR (cA1+As) =c(A® A1)+ (A® A2); (cA1 +A) @ A=c(4; ® A) + (A2 ® A);

01 A0 = 0, M (M]AM) My = (My Ma)t A(MyMsy); MT(cAy + Ay)M = e(MTA M) + Mt A, M;
(My ® M)t (A; ® A2)(My ® Mo) = (M] A My) @ (Mj As My);

tr(A(cPy + P2)) = ctr(APy) + tr(APy); tr((cAr + A2)P) = ctr(A1 P) + tr(AsP);

tr((A; ® A2)(PL @ Py)) = tr(ALPy) tr(AoPy); tr((MTAM)P) = tr(A(MPM)).

tr((A® I)P) = tr(Atra(P)); tr((I ® A)P) = tr(Atry(P));

tr(Al9)(¢]) = (¢|A]9).

Ay = As iff for all P € Pos (or P € D) such that tr(A1 P) = tr(AsP);

Ay C Ay iff for all P € Pos (or P € D) such that tr(A; P) < tr(AyP);

A1 E A2 implies MTAlM E MTAQM, A1 E AQ and Ag E A4 implies CA1 + Ag E CA2 + A4.

As direct corollaries, for CP map &,&1, Eo,

tr(AE(P)) = tr(ET(A)P); Ay T Ay implies E(A;) T E(A);
(&1 + E2)(A) = c&1(A) + E2(A); E(cAr + Ag) = cE(Ar) + E(Ag);
E2(E1(A)) = (E20&1)(A); (E1 @ E2)(A1 ® Ag) = E1(Ar) ® Ea(Ay).

Proof. We prove the above properties as follows:

For 0A =0, 1A = A, a(bA) = (ab)A4, it follows directly from the definition.

For0+A=A+0=A, Aj+As = Ay + Ay, A1+ (Ax+ A3) = (A1 + Ay) + As, it follows from the definition of addition
of infinite-valued predicates. For instance, to prove A4+0 = A, we have, for any |¢), (1| A+0J) = (Y| Al) + (¥|0|y) =
(| Alyp). Then the claim follows directly by noting that Ay = A, if for any |¢), (¥|A1|v) = (Y| Aa|).

For0 A=A4AR0=0, 41 ® (A2 ® A3) = (A; ® A3) ® As, it follows from the definition.

For A® (cA1 +A2) = c(A® A1)+ (A® Ag); (cA1+ A2) @ A= (A1 ® A) + (A2 ® A), it follows from the definition.
To prove 0T A0 = 0, we notice that for any [v), (1|07 A0|y) = (p|A|¢) = 0 = (P|0[y) for |¢) = 0|¢p) = 0. Then
we know 0TA0 = 0 as we want. The propositions MQT(MIAMl)MQ = (M My)" A(M; My) and MT(cA; + A)M =
c(MTA; M) + MTAyM can be proved similarly.

To prove (M; ®@ Ms)T(A; ®@ Ag)(M; @ My) = (MlTAlMl) ® (MQTAQMQ), it follows from the definition and the fact
that X1,y = sSupp(M{ X, My). Actually, (My ® Mp)! (A1 ® A5)(My @ My) = (M{Pa, My) @ (M] Pa, M) +

Supp((M1®M2)T)X(M1®M2))’ where X = (supp (PA1) ® XAQ)\/(XAI ® supp (PAz))v(XAl ® XAQ)' (MIA1M1)®
(M} AsMy) = (M]Pa,My) ® (MiPa,Ms) + oY, where ¥ = (supp (MlT PAlMl) ® supp(M] XA2M2)) v
(supp(MfXAlMl) ® supp (MJPA2M2>) Vv (supp(MfXAlMl) ® supp(MQTXAzMz)). It can be shown that X =Y
by using the properties £(X; V X5) = £(X1) V E(X2) and E(supp(p)) = supp(E(p)).



For tr(A(cPy + P2)) = ctr(APy) + tr(AP,), if ¢ = 0 then it is direct. In the following, we assume ¢ > 0. if X, P =
X AP, = 0, then the equation is direct by definition. Suppose X4 P; # 0, which means tr(AP;) = +oco. In this case,
we have X4(cP; + P») # 0, meaning the left hand side is also +oo. The case X4 P, # 0 and tr((cA; + A2)P) =
ctr(A; P) 4+ tr(AyP) can be proved similarly.
For tr((A; ® A2)(Py @ Py)) = tr(A1 Py) tr(Ag Ps), if X4, P1 = X4, P2 = 0, then it is direct by computation. Now, by
symmetry consider the case X 4, P; # 0, which means tr(A;P;) = 400 (the case X 4, P> # 0 can be proved similarly).
If tI‘(Ang) = 0, then P2 c (Supp(PAQ) V XAZ)L. In this case, XA1®A2P1 X P2 = O, and tI‘((Al X Ag)(P]_ ® PQ)) =
tr((Pa, ® Pa,)(P1 ® Py)) = 0. If tr(AaPs) # 0, then X 4,94, P1 ® Py # 0, and both left and right hand sides takes
400 as we desired.
For tr((MTAM)P) = tr(A(MPMT)), we note that supp(MTX,M)P = 0 is equivalent to M supp(Xs)MP = 0,
and the latter can be written as supp(X )M PMT = 0. Then, the property follows directly from definition.
For tr((A ® I)P) = tr(Atre(P)), we note that A® I = P4 ® I + X4 ® I. Thus, X4 tro(P) = 0 if and only if
XagrP = 0. Then, the equation follows directly from the definition. tr(( ® A)P) = tr(Atr;(P)) can be proved in a
similar way.
For tr(A|o)(¢|) = (4| A|¢), it is direct by definition.
For A; = A iff for all P € Pos (or P € D) such that tr(A; P) = tr(AzP), the “if” part can be proved using the
previous property and the proposition that A1 = A, if for all |¢), (¥|A1]|Y) = (1| Az|tp). The “only if” part is direct by
definition.
For Ay C Ay iff for all P € Pos (or P € D) such that tr(A4; P) < tr(AsP), the “if” part can be proved by limiting P to
be rank-1 projectors [¢/)(1)|. For the “only if” part, consider the spectral decomposition of P =, a;[¢;){(1;|. We have
tr(A1P) = tr(Ay 3, aili) (Vs]) = 32, ai(¥il Arlei), and tr(A2P) = tr(Az 32, ailvi) (vil) = 32, ai(vi| A2|¢)i). Since
A1 C As, we have (1;| A1) < (w;|Aa|i;) for every i. The result then follows directly.
For Ay T A, implies MTA; M T MTA;M, let |¢)) be any state. Then, a direct computation gives (|MTA; M) =
(B|A1]p) < (@|Ag|p) = (b|MTA3M|3b), where |¢p) = M]|vp). Thus, MTA M T MTAyM follows by definition. For
Ay C Ay and A3 C Ay implies cA1+ Az C cAy+ Ay, consider any [¢), A1 C Ag implies (| A1 |¢) < (| Ag|)). Similarly
we have (| As|) < (| Ag|v). Therefore we know (|cA1+Asz|) = c(W|A1|)+ (| As|) < (| Az|)+ (| Agltp) =
(¢|cAg + Ayqltp), and the result follows by definition.
For tr(AE(P)) = tr(ET(A)P), we write £(P) = Y, E;PE!. Then, we have tr(A£(P)) = tr(AY; E;PE!) =
Y, tr(AE;PE]) = ¥, tr(E]AE; P) = tr(£1(A)P). For Ay T Ay implies £(A;) C £(Ay), write £(A) = Y, EJAE;.
We now for any j, E}AlEJ— C EJTAQE-, thus Zj E;AlEj C Zj E;AQEj as we want.
For (&1 + &)(A) = c&1(A) + E(A) take any P € Pos, we have tr(P(c&; + &)(A)) = tr((c&1 +
E)T(P)(A))ctr(E] (P)A) + tr(E) (P)A) = tr(Pc&y (A)) 4 tr(PE(A)) = tr(P(c&1 + £)(A)). Then the result follows.
For £(cA1 + Az) = c€(A1) + E(A2), write £(A) =3, EjAE;. We then have £(cA; + As) =3, Ej(cAr + AQ)E;. =
€ EjAlEJT +22; EjAgEJT. = cE(A1) + E(A2) as we want.
52((‘:1 (A)) = (82 o S1)(A) is by definition. For (51 X 52)(A1 ® Ag) =& (Al) X 52(142), let Ay = PA] + OOXAI, Ay =
Py, +00X4,,and A1 ® Ay = P4, ® Pa, +00X, where X = (supp (Pa,) ® Xa,)V (X4, @ supp (Pa,))V(Xa, @ Xa,).
Then, (51 ®82)(A1 ®A2) = (81 ®52)(PA1 ®PA2)+OOY, where Y = supp((El ®52)(X)) and 51(141)@82(142) = (81®
€2)(Pa, ©Pa,)+ 007, where Z — (supp (€1(Pa,)) © Ex(Xa,))V (€1(X,) © supp (E2(Pa,)V(E1(Xa,) © Ex(X,).
It is clear that Y = Z by using the properties £(X; V X3) = £(X1) V E(X2) and E(supp(p)) = supp(E(p)).
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