The Identity Problem in virtually solvable matrix
groups over algebraic numbers

Corentin Bodart
Mathematical Institute, University of Oxford
Oxford, United Kingdom
cobodart123 @gmail.com

Abstract—The Tits alternative states that a finitely generated
matrix group either contains a nonabelian free subgroup F5,
or it is virtually solvable. This paper considers two decision
problems in virtually solvable matrix groups: the Identity Problem
(does a given finitely generated subsemigroup contain the identity
matrix?), and the Group Problem (is a given finitely generated
subsemigroup a group?). We show that both problems are decid-
able in virtually solvable matrix groups over the field of algebraic
numbers Q. Our proof also extends the decidability result for
nilpotent groups by Bodart, Ciobanu, Metcalfe and Shaffrir, and
the decidability result for metabelian groups by Dong (STOC’24).
Since the Identity Problem and the Group Problem are known
to be undecidable in matrix groups containing Fb> x Fb, our
result significantly reduces the decidability gap for both decision
problems.

Index Terms—matrix semigroups, virtually solvable groups, ra-
tional semigroups, computational group theory, Identity Problem

1. INTRODUCTION
A. Decision problems in matrix semigroups

The computational theory of matrix groups and semigroups
is one of the oldest and most well-developed parts of com-
putational algebra. In the seminal work of Markov from the
1940s [1], the Semigroup Membership problem was shown to
be undecidable for integer matrices of dimension six. This
marked the first undecidability results obtained outside of
mathematical logic and the theory of computing. This area
now plays an essential role in analysing system dynamics, and
has numerous applications in automata theory, randomized al-
gorithms, program analysis, and interactive proof systems [2],
[31, [4], [5], [6]. In the 1950s, Mikhailova [7] similarly intro-
duced the Group Membership problem. For both problems,
we work in some fixed matrix group G. For effectiveness
reasons', this paper focuses on the case where G is a subgroup
of GL(d,Q) for some d > 1 (the group of d x d invertible
matrices over algebraic numbers). Given a set X C G, denote
by (X) the semigroup generated by X, and by (X),  the
group generated by X. Then the two decision problems are
formulated as follows.

(1) (Semigroup Membership) given A, ..
decide whether T' € (Ay,..., An).

LA T € G,

Elements of the field of algebraic numbers Q can be effectively repre-
sented and computed [8].
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(i1) (Group Membership) given Ay, ..., A, T € G, decide
whether T € (A1, ..., Ap) gy
In this paper, we consider two closely related problems in-
troduced by Choffrut and Karhumiki in the 2000s [5]. Let
denote the identity matrix.
(iii) (Identity Problem) given A, ...
whether I € (Ay,..., An).
(iv) (Group Problem) given Ay, ..
(A1,...,A,) is a group.
These decision problems concern the structure of a semigroup
rather than its membership. See for example [9], [10], [11]
for earlier developments on the Identity Problem and the
Group Problem, and see [12], [13] for surveys on more
recent progress. Note that decidability of the Group Problem
subsumes decidability of the Identity Problem and the Inverse
Problem (decide whether A7 € (A;,..., A,,)) [14]: these
are the essential special cases of Semigroup Membership.
All four algorithmic problems above are undecidable when
G contains as a subgroup a direct product of two free groups
Fy x Fy [7], [9], for example when G = SL(4,Z) (the group
of 4 x 4 integer matrices with determinant one). This motivates
us to study groups on the other end of the spectrum: namely
when G does not contain F» as a subgroup. By the celebrated
Tits alternative [15], a finitely generated subgroup of GL(d, Q)
either contains F, as a subgroup, or it is virtually solvable.
This paper will focus on the latter case.

A, € G, decide

., A, € G, decide whether

B. Virtually solvable matrix groups over Q

We briefly recall the definitions of solvable, virtually solv-
able, metabelian, and nilpotent groups. Given a group G and
its subgroup H, denote by [G, H] the group generated by the
elements ghg~'h=1,g € G,h € H. A group G is solvable
if its derived series G = G© > G > ... | defined by
GUHD = [GW,GW], reaches the trivial group in a finite
number of steps. A group is virtually solvable if it admits
a finite index subgroup that is solvable. In particular, solvable
groups are also virtually solvable. Metabelian groups and
nilpotent groups are special cases of solvable groups. A group
G is called metabelian if G®) is trivial, or equivalently, if G
admits an abelian normal subgroup A such that the quotient
G/A is abelian. A group G is nilpotent if its lower central
series G = Gy > Gy > ---, defined by G,11 = [G,G,],
reaches the trivial group in a finite number of steps.



A classic result of Kopytov [16] showed that Group Mem-
bership is decidable in virtually solvable matrix groups over
Q. Semigroup Membership is proven to be undecidable for
some instances of solvable matrix groups, such as large direct
powers of the Heisenberg group Hs(Z) [17]. Conversely, it has
been shown to be decidable for other instances, such as com-
mutative matrix groups over Q [18], the Heisenberg groups
Ho,11(Q) [19], the Baumslag-Solitar groups BS(1,q) [20],
and the lamplighter groups (Z/nZ) ! Z [21]. Decidability of
the Identity Problem and the Group Problem was open for
virtually solvable matrix groups over Q. Nevertheless, they
were recently proven to be decidable in the case of nilpotent
groups [22], [23] and in the case of metabelian groups [14].
In this paper, we completely answer this open problem by
proving decidability of the Identity Problem and the Group
Problem in all virtually solvable matrix groups over Q.

Note that in the definition of both problems, the input is a
set of matrices { A1, ..., A,,} in some virtually solvable group
G < GL(d,Q). It is not important whether G is given as a
part of the input, as we can always suppose G to be the group
generated by {Aj1,..., A }. This does not change the fact
that G is virtually solvable, since finitely generated subgroups
of virtually solvable groups are still virtually solvable [24].

Theorem 1.1. The Identity Problem and the Group Problem
are decidable in virtually solvable subgroups of GL(d,Q).
That is, given matrices Ay,..., A, € GL(d,Q) that gen-
erate a virtually solvable group?, it is decidable whether
I e (Ay,...,An), and whether (A1, ..., An) is a group.

C. Related work and our contributions

Two significant results on the Identity Problem are its
decidability in nilpotent groups, due to Shaffrir [23] (and
independently by Bodart, Ciobanu, Metcalfe [22]), as well
as its decidability in metabelian groups, due to Dong [14].
Our paper generalizes these two results, and then uses their
generalization as crucial lemmas in our solution for virtually
solvable matrix groups over Q. In particular:

(1) We extend a key theorem in [22] and [23] from finitely
generated nilpotent groups to infinitely generated nilpotent
groups of finite Priifer rank (Theorem 3.4, proof in Section 5).
This applies to groups of unitriangular matrices over an
algebraic number field K.

(2) We generalize the result in [14] from finitely generated
subsemigroups of metabelian groups to their rational sub-
semigroups (Theorem 3.8, proof in Section 4). To this end,
we combine automata theory with the concepts developed
in [14], and introduce new techniques such as A-graphs and
partial contractions. We connect automata over metabelian
groups to graphs over lattices, convex polytopes and algebraic
geometry, and prove several theorems under this new context
(Theorem 4.7, Lemma 4.12, Theorem 4.14).

(3) We then reduce the Group Problem in a virtually
solvable matrix group G to deciding if a rational subsemigroup

2Note that given A1,..., A, € GL(d,Q), it is decidable whether

(A1,..., Am>grp is virtually solvable [25].

of a metabelian group is a group (Section 3). This reduction
is done by constructing a metabelian quotient T'/[N, N] of
a triangularizable subgroup 7" of G. The normal subgroup
[N,N] 9 T is the commutator of an infinitely generated
nilpotent group N, hence the extension in (1) is needed. By
reducing from G to T'/[N, N], we inevitably pass from finitely
generated subsemigroups of G to rational subsemigroups of
T/[N, N]. Hence the generalization in (2) is needed.

Finally, in Section 6, we discuss possible future work and the
limit of our results. In particular, our techniques cannot extend
to matrix groups over effective fields larger than Q, such as
Q(X), due to the failure of a key theorem (see Remark 5.8).

2. PRELIMILARIES
A. Rational subsemigroups and automata over groups

Let S be a set of elements in G. The semigroup (S5)
generated by S is defined as the set of non-empty products
of elements in S, that is, (S) = {gig2---gp | p >
1,91,927...,gp65}.

Lemma 2.1 ([14, Lemma 2.2]). Let X be a finite set of
elements in a group G. The semigroup (X) contains the
neutral element I if and only if there is a non-empty subset
Y C X such that (Y) is a group. Hence, if the Group Problem
is decidable in G, then the Identity Problem is also decidable
by testing the Group Problem on all subsets of the input.

In this paper, we will need the more general notion of
rational semigroups, which are recognized by automata over
groups. See [26] for a general reference on rational subsets of
groups. Given a group G, an automaton over G is defined by a
set of s states q1,...,qs, and a set of ¢ transitions 01, ..., d;.
For each ¢ = 1,...,t, the transition J, has an origin state
which we denote by qq ), a destination state which we denote
by qa(e), as well as an evaluation in G which we denote by
ev(dy) € G. We call ¢; both the initial state and the accepting
state, that is, we only consider automata whose initial state is
the same as the accepting state.

A path in A is a non-empty sequence of transitions
w = 51‘1(51'2 . '5im’ such that A(’Ll) = Q(ig), A(Zg) =
Qiz), ..y Alim—1) = Q(im). The evaluation of such a path
is defined as ev(w) = ev(d;,) ev(d;,) - - -ev(d;, ) € G. A path
is called an accepting run if additionally Q(i1) = A(i,,) = 1.
Let ev(A) := {ev(w) | w is an accepting run of A}, this is
the set of elements of G recognized by accepting runs. Then
ev(A) is a subsemigroup of G because, if w and w’ are
accepting runs of A, then the concatenation ww’ is also an
accepting run, and ev(ww') = ev(w) ev(w’). However, ev(.A)
does not necessarily contain the neutral element of G, since
the empty sequence is not considered as an accepting run. We
say that the automaton A recognizes the semigroup ev(A). A
subset S C G is called a rational semigroup if there is some
automaton A over GG that recognizes S.

An automaton A is called frim if every state is the origin of
some transition and every transition appears in some accepting
run. Every rational subsemigroup of G is recognized by a trim



automaton over G by removing states unreachable from ¢; and
states from which ¢y is unreachable.

If A has only one state ¢, then all its transitions are loops,
so ev(A) is the semigroup generated by ev(d1),...,ev(d:),
and we recover the definition of finitely generated semigroups.

B. Triangular matrix groups

Let K be a field. Denote respectively by T(d,K) and
UT(d, K) the group of d x d upper-triangular invertible matri-
ces over K and the group of d x d upper-unitriangular matrices
over K:

aq *
0 a9
T(d>K) = . ;a1a2"'ad7éo )
0 0 Qaq
1 x
0 1
UT(d,K) == ,

where a; and * denote arbitrary entries in K. The group
T(d,K) and its subgroups are solvable; the group UT(d, K)
and its subgroups are nilpotent [24]. If T" is any subgroup of
T(d,K), then N := TNUT(d,K) is a normal subgroup of T,
and the quotient T'/N is abelian.

Let G be a finitely generated subgroup of GL(d,Q). By
a classic result of Mal’cev [27], G is virtually solvable if
and only if it contains a finite index normal subgroup T
that is conjugate to a subgroup of T(d, Q). This gave rise
to algorithms that decide whether a given finitely generated
matrix group over Q is virtually solvable:

Theorem 2.2 ([25, Theorem 1.1], [28, Section 2.8]). There is
an algorithm that, given a finite number of generators for a
group G < GL(d,Q), decides whether G is virtually solvable.
Furthermore, when G is virtually solvable, the algorithm
computes the generators’ for a finite index normal subgroup
T < G, as well as a matrix g € GL(d,Q), such that

9Tg~ " < T(n,Q).
C. Polynomial rings, modules and semidirect products

Let R be a commutative ring or semiring (such as Z, R,
N or Rsg). Denote by R[XF,...,XF] the Laurent poly-
nomial ring or semiring over R with n variables: this is
the set of polynomials of variables X, X7 *,..., X,,, X, 1,
with coefficients in R. We have XiXZ-_1 = 1. When n is
fixed, we denote R[X*] := R[X{,...,XF]. For a vector
a = (ay,...,a,) € Zm", denote by X® the monomial
Xt X5 Xon,

When R is a commutative ring, an R[X*]-module is
defined as an abelian group (M, +) along with an operation
-t R[X*] x M — M satisfying f-(m+m/) = f-m+f-m/,
(f+g)-m=Ff-m+g-m, fg-m = f-(g-m) and

3Note that when G is finitely generated, its finite index subgroups are
also finitely generated [24, Lemma 7.86].

1-m = m. For example, for any d € N, R[X*]? is an R[X *]-
module by f - (g1,...,94) = (fg1,--.,fga). Throughout
this paper, we use the bold symbol f to denote a vector
(fi,..., fa) € R[X*]% B

Given vectors hy,...,h; € R[X*]?, we say that they
generate the R[X *]-module

k k
ZR[Y:‘:] . hl = {Zpl . hi
=1 i=1

Given submodules M, N of R[X*]¢ such that M D N, we
define the quotient M/N = {m | m € M} where 7 =
ms if and only if m; — my € N. This quotient is also an
R[X*]-module. We say that an R[X*]-module Y is finitely
presented if it can be written as a quotient M /N for two
submodules M, N of R[X*]? for some d € N, where both
M and N are generated by finitely many elements. We call
a finite presentation of ) the respective generators of such
M, N. Given a finitely presented Z[X ..., X£]-module ),
we can define a metabelian group using semidirect product:

YxZ" :={(y,a) |y V,acl}; (D

multiplication and inversion in this group are defined by

(y,a)(y,d) = (y+X*y,a+d'), (y,a) "' = (X "y, —a).
)

The neutral element of Y xZ" is (0,0). Intuitively, the element

pl,---,kaR[Xi]}

(y,a) can be seen as a 2 X 2 matrix , Where group

Y
0 1
multiplication is represented by matrix multiplication. Note
that )V x Z™ naturally contains the subgroups Z™ = {(0,a) |

a€Z"}and Y = {(y,0") |y € V}.

3. DECIDABILITY IN VIRTUALLY SOLVABLE MATRIX
GROUPS: PROOF OVERVIEW

Omitted proofs can be found in Appendix A. In this section
we prove our main result:

Theorem 1.1. The Identity Problem and the Group Problem
are decidable in virtually solvable subgroups of GL(d,Q).
That is, given matrices Ay, ..., A,, € GL(d,Q) that gen-
erate a virtually solvable group, it is decidable whether
I e (Ay,..., Ay), and whether (A1, ..., Ay,,) is a group.

By Lemma 2.1, it suffices to show decidability of the
Group Problem. Given Aj,...,A,, € GL(d,Q) such that
G = (Ay,..., An) arp is virtually solvable, our goal is to
decide whether (A4, ..., Ay,) is a group.

By Theorem 2.2, G’ admits a finite index normal subgroup
T such that gTg~! < T(d,Q) for an effectively computable
element g € GL(d, Q). We can replace G' with gGg~! (that
is, replace the generators Ai,...,A,, by their conjugates
gAi1g7 1, ..., gA,g™ 1), and thus without loss of generality
suppose T' < T(d, Q). Furthermore, a finite set of generators
for T is also given by Theorem 2.2. After the replacement, let
K denote the field generated by all the entries of Ay, ..., A,,.
Then, G and T are respectively subgroups of GL(d,K) and
T(d,K).



Deciding whether (A4, ..., A,,) is a group is done through
a series of reductions. First, we reduce it to a deciding whether
the rational semigroup S = (Ay,..., A,;,) NT is a group:

Lemma 3.1. Ler T < T(d,K) be a finite index normal
subgroup of G = (Al,...,Am>grp, given by a finite set
of generators. Then, (Aq,...,Ap) is a group if and only
if S = (Ay,...,An) NT is a group. Furthermore, S
is a rational subsemigroup of T, whose automaton can be
effectively computed from Ay, ..., Ay, and the generators of
T.

Example 3.2. This will be the running example of this section.
Consider the following elements in the virtually solvable group
T(3,Q) x (Z/27):

2 70 1 -1 1
Ar=|(lo 1 1|,1],4=([0o 2 5],0],
00 1 0 0 1
/2 1 3
Ay = 0 1/2 -1],0

0o 0 1

Let G = (41, Ay, A3) arp and let T be its index-two subgroup
T :={(B,z) € G| z=0}. One can for brevity discard the
entry z = 0, and simply write 7" as a group of upper triangular
matrices {B € T(3,Q) | (B,0) € G}. Then, the semigroup
S = (A, Aa, A3)NT consists of those products of A1, A, A3
where A; is used an even number of times. Therefore, S is
recognized by automaton A over T in Figure 1. Here, T' can
be directly computed as:

2¢ oz

T= 0 2° yl||labeZ,z,y,2z€Z[1/2] 3, (3)
0 0 1

where Z[1/2] := {£& | a € Z,p € N}. O

The following lemma further shows we can without loss of

generality suppose (S),,, = 1"

Lemma 3.3. Let S be a rational subsemigroup of T, then
(S) arp IS finitely generated. Furthermore, given an automaton
over T that recognizes S, one can compute an automaton
over (S) arp that recognizes S, as well as compute a set of

generators for (S),,.

Lemma 3.1 and 3.3 are proven using only classic ideas and
techniques from automata theory. In particular, Lemma 3.1
shows that (A;,..., A,,) is a group if and only if S is a
group. Lemma 3.3 shows that we can suppose S to be given
by an automaton over (S) arp Instead of T'. In other words, we
can replace 1" by its subgroup (S),,,, and suppose without
loss of generality (S5),,, = T". We proceed to decide whether
S is a group.

Let N = T NnUT(d,K), then N is a nilpotent normal
subgroup of T'. Consider the normal subgroup [N, N] of N,
we obtain a descending sequence of subgroups

T > N >[N, N],

270
A]Z 011 /]
001
1/2 1 3
Az = 0 1/2 -11,0
0 0 1

(virtually solvable)

Y

Automaton A recognizing S
(triangular)

1/2 1
0 1/2
0 0

3
-1
1

je=}
S = N

[é

o ON
o -
]

1/2 1 3
0 1/2 -1
0 0 1

1/2 1 =
0 1/2 -1
0 0 1

Automaton A recognizing S
(metabelian)

Fig. 1. Illustration of Example 3.2: reduction from the virtually solvable
group G D (A1, Az, A3), to the triangular matrix group 7' D S, then to the
metabelian group T'/[N, N] D S.

where T'/N is finitely generated abelian, and N/[N, N] is
abelian.

The group [N, N] is also a normal subgroup of T because,
for all t € T,n,m € N, we have t(nmn=im - 1)t7! =
(tnt= ) (tmt= Y (tnt=1) "L (tmt=1)~r € [N, N]. Therefore,



the quotient T'/[N, N1 is a finitely generated metabelian group.

Example 3.2 (continued). Recall T' from Equation (3). Di-
rectly computing N := T N UT(3,Q), we have

1 =z =z
N = 0 1 y]||zy2z€Z1/2];,
0 0 1
and hence
1 0 =z
[N,N] = 01 0 z € Z[1/2]
0 0 1

Note that NV and [N, N] are not finitely generated, even though
T is finitely generated. O

Our next step is to show that S C T is a group if and only if
its image S under the quotient map 7' — T'/[N, N] is a group.
In other words, we will simplify 7" by “modulo” [N, N], and
show that this (remarkably) does not change whether S is a
group.

Our first main technical theorem is a weak version of the
above simplification:

Theorem 3.4. Let K be an algebraic number field and N
be a subgroup of UT(d,K). Let M be a subsemigroup of N
and denote by M its image under the quotient map N —
N/[N,N]. If M = N/[N, N] (equivalently, if M[N, N] =
N), then M = N.

Theorem 3.4 is a deep generalization of [23, Corollary 1]
(see also [22, Proposition 19]), which proved the case when N
is finitely generated. Theorem 3.4 relaxes this constraint, the
key idea being that for an algebraic number field K, subgroups
of UT(d, K) have finite Priifer rank. The proof of Theorem 3.4
is given in Section 5. We now strengthen Theorem 3.4 from
NtoT:

Corollary 3.5. Let S be a subsemigroup of T such that
(S)grp = T. Then S is a group (i.e. S = T) if and only
if its image S under the quotient map T — T/[N,N] is a
group (i.e. S =T/[N, N]).

Proof. If S = T then obviously S = T//[N, N]. In the other
direction, if S = T'/[N, N] (which yields S[N, N] = T), then
(SN N)[N,N] = N. Using Theorem 3.4 we deduce that the
semigroup M = SN N is actually equal to N, and therefore
S D N D[N, N]. It follows that S = S[N,N]| =T. O

Example 3.2 (continued). We continue Example 3.2 to
give an intuition about the group T/[N,N]. Since T =

29 oz

0 2 y||a,b€Z,x,y,z€Z[1/2] ; and [N,N] =
0 0 1

1 0 =z

0 1 0] |z€Z[1/2];, elements of T/[N, N] can be
0 0 1

T
seen as matrices of the form | 0 2°
0 O

,a,beZ, x,y €

—~< N

Z[1/2], where B is an extra symbol. The group operation in
T/[N, N] is like matrix multiplication in 7" but ignoring the
upper-right entry M. Therefore, the image S of the semigroup
S under the quotient map 7' — T'/[N, N] is recognized by
the automaton A at the bottom of Figure 1. Intuitively, the
quotient by [N, N] simplifies S by “ignoring” all the upper-
right entries, and Corollary 3.5 shows that such a simplification
does not change whether S is a group. This allows us to reduce
from the subsemigroup S of the triangular matrix group 7" to
the subsemigroup S of the metabelian group T/[N, N].

By Corollary 3.5, deciding whether S C T is a group
boils down to deciding whether S C T/[N, N] is a group:
this will be our new task. From an automaton .4 over T that
recognizes S, we can construct an automaton A over T'/[N, N]
that recognizes S by projecting the transition evaluations
under T — T/[N, N]. Next, we switch from the matrix
representation of T'/[N, N]| to the following more standard
way of representing metabelian groups.

Lemma 3.6 (Composition of [29, Lemma 2] and [14,

Lemma B.3]). Let K be an algebraic number field. Suppose

we are given a finitely generated subgroup T of T(d,K),

let N = T NUT(d,K). One can compute an embedding

@: T/[N,N] = (¥ xZ"™)/H, where

(i) n € N and Y is a finitely presented Z[Xli, o, XFE)-
module.

(ii) H is a subgroup of Z" < Y x Z", and elements of H
commute with all elements in ) X Z".

In particular, given any g € T, one can compute (y,z) €

Y X Z™ such that p(g|N, N]) = (y,z)H.

Since ¢ is an embedding, the semigroup S C T//[N, N] is a
group if and only if its image ¢(S) C (Y xZ"™)/H is a group.
In turn (S) is a group if and only if p(S)H C Y x Z" is a
group. We went from “abstract” semigroups inside 7'/[N, N]
to “concrete” semigroups inside ) x Z".

Lemma 3.7. Let ¢(S) be a rational subsemigroup of (Y %
Z™)/H recognized by a given automaton. Then one can
compute an automaton over ) X Z" that recognizes the

subsemigroup ¢(S)H.

The idea behind Lemma 3.7 is as follows: from an automa-
ton that recognizes ¢(S), one can construct an automaton that
recognizes (S)H by attaching loops at ¢;, whose evaluations
generate H as a semigroup. Now, deciding whether a rational
semigroup S C T/[N, N] is a group boils down to deciding
whether the rational semigroup ¢(S)H C Y x Z" is a group.

Theorem 3.8. Given as input a finitely presented
ZIXE, . . XE)-module Y and an automaton A over
Y % Z", it is decidable whether ev(A) is a group.

Theorem 3.8 is highly non-trivial and is our second main
technical contribution. Its proof is given in Section 4. Theo-
rem 3.8 can be seen a generalization of [14, Theorem 1.1],
which proves the decidability result for finitely generated
subsemigroups of ) x Z".



Summarizing all the above results, we obtain a proof of
Theorem 1.1:

Proof of Theorem 1.1. By Lemma 2.1, it suffices to decide
the Group Problem. Conjugating A;,...,A,, by the ele-
ment g computed in Theorem 2.2, we can suppose G =
(A1,..., An) orp dmits a finite index normal subgroup 7' <
T(d,K) for some algebraic number field K. Then, Lemma 3.1
shows that (44, ..., A,,) is a group if and only if the rational
semigroup S = (Aq,..., A;,)NT is a group, and Lemma 3.3
shows that we can replace 7' with its subgroup (S) grp Lhen,
by Corollary 3.5, Lemma 3.6 and Lemma 3.7, the rational
semigroup S is a group if and only if p(S)H is a group.
Furthermore, one can construct an automaton A over ) x Z"

that recognizes ¢(S)H. It is then decidable by Theorem 3.8

whether ¢(S)H is a group. O

4. RATIONAL SUBSEMIGROUPS OF METABELIAN GROUPS

In this section we prove Theorem 3.8. Our proof extends a
number of ideas from [14]. We present here a self-contained
proof of Theorem 3.8, but whenever a definition or theorem
comes from generalizing [14], we will give a comparison to
the original work and include a reference, often as footnote.

Suppose the automaton .4 over ) x Z" has states q1, .. ., s
and transitions 41, ..., d;. Without loss of generality we can
suppose A to be trim. For each transition §,,¢ = 1,...,t,

denote its evaluation by (yg, ar) € Y x Z™. Our first step of
deciding whether ev(.A) is a group is to reduce it to finding
an Identity Traversal of a primitive automaton.

Given an automaton A over )Y x Z", we define a new
automaton AT as follows: the states of AT are the same as A,
and the transitions of AT are 6y,...,8,d7,...,6; . Here, 0,
is a transition from the destination of &, to the origin of J,, with
evaluation ev(d, ) == (yg,ar)~'. We say that A is primitive,
if the image of ev(AT) under the projection ) x Z" — Z"
is Z™.

Lemma 4.1. Suppose we are given a trim automaton A
over ) X 7". One can compute n € N, a finitely presented
ZJ)E yoen ,)?/ﬁ |-module Y, and a primitive trim automaton
A over Y x 7", such that ev(A) is a group if and only if
ev(A) is a group.

By Lemma 4.1, throughout this section we can without loss
of generality suppose A to be trim and primitive by replacing
it with A. We define an accepting traversal of A to be an
accepting run that uses every transition at least once. We define
an Identity Traversal of A to be an accepting traversal whose
evaluation is the neutral element (0,0") € Y x Z™.

Proposition 4.2. The semigroup ev(A) is a group if and only
if A admits an Identity Traversal.

A. From Identity Traversals to A-graphs

We define the notion of an A-graph*. For each state
q; of A, we assign to it a lattice A; = Z™. We con-
sider the disjoint union A = A; U --- U As; as a sub-
set of a larger lattice Z**t™ in the following way. Let
(b1,0™),...,(bs,0™),(0%,dy),...,(0%dy,) be the natural ba-
sis of Z%t™. Here, b; € Z° is the vector with 1 on the i-th
coordinate and O elsewhere, and d; € Z" is the vector with
1 on the j-th coordinate and O elsewhere. For ¢ = 1,...,s,
we identify A; with {b;} x Z"™ by the map z — (b;,z). See
Figure 2 for an illustration. Thus, a vertex v in A C Z5%" is
always denoted by a pair (b;,2) € {b1,...,bs} x Z", where
the index ¢ signifies that v is in the lattice A;, and z is the
coordinate of v within A; = Z".

Fig. 2. The disjoint union A = A; Ll Ao as a subset of Z5T™, where
s=2,n=1.

(ZAy)

(ya, = 1)

(s, - 1)

Fig. 3. An automaton A, where a1 = 1, a2 =1, a3 = —1, as = —1.
;\7 b
- (0,10
1 3
A A
(1,0,0)

Fig. 4. The A-graph I'(w) associated to the accepting run w =
0182020304.

Definition 4.3 (A-graphs). An A-graph is a directed multi-
graph I', whose set of vertices is a finite subset of A. The

4 A-graphs are a generalization of the G-graphs defined in [14], which
are exactly A-graphs with s = 1. In other words, .A-graphs can be considered
as a collection of G-graphs with edges between them.



edges of I are each labeled with an index in {1,...,¢}. Fur-
thermore, each edge with label ¢ connects from some vertex
(baey; 2), 2 € Z" to the vertex (ba (e, z+ae). Recall that (£)
and A(?) are the indices of the origin and destination states of
the transition dy, and ay € Z™ is such that ev(dy) = (ye, ap).
In other words, an edge with label ¢ connects from Aq ) to
Aa(e), the Z"-coordinates of the target and source of the edge
differ by ay,.

For an A-graph I', denote by V(') its set of vertices, and
by E(I') its set of edges. For an edge e € E(I'), we denote
its source vertex by o(e) and its target vertex by 7(e).

For an accepting run w of A, we associate to it a unique
A-graph I'(w), defined as follows. Write w = dy, - - - ;. For
each j = 1,...,m, we add an edge starting at the vertex
(bae,ys @e, + - +ag,_, ), ending at the vertex (ba,), ar, +
e+ agj), with the label /;. For j = 1, the edge starts at
(b1,0™). See Figure 3 and 4 for an illustration.

Definition 4.4 (Element represented by an .A-graph). For
an edge e in an A-graph I', denote by A(e) its label.
Let mzn: Z5t™ — 7" denote the projection (b,z) +— 2.
The element in ) represented by an edge e is defined as
X7z (o(e)) “Yx(e)- (For example in Figure 4, the edge with label
4 represents the element X 2.y, € ).) The element represented
by an A-graph is defined as ZeeE(F) X”Z”(”(e))yk(e), the
sum of all the elements represented by its edges. By direct
computation, if w is an accepting run of A with evaluation
(y,z) € Y x Z"™, then y is the element represented by the
associated graph I'(w), and z is the sum } . pr) ax(e)-

Given an A-graph I' and a vector z € Z", we define the
translation '+ (0%, z) to be a copy of I" where each vertex and
edge is moved by the vector (0%, z). Note that if T" represents
y € ), then T + (0%, 2) represents X* - y. We call an A-
graph full-image if it contains at least one edge of label ¢ for
each £ € {1,...,t}. Let T be a full-image Eulerian .A-graph,
then it has a translation I" + (0%, z) that contains the vertex
(b1,0™). By reading the labels on its Eulerian circuit starting
from (b1,0™), we obtain an accepting run w of A such that
I'(w) =T+ (0%, z). We can then show:

Lemma 4.5. There exists an Identity Traversal of A if and only
if there exists a full-image Eulerian A-graph that represents
0.

Our next step is to replace the Eulerian property in
Lemma 4.5 by a more “local” property. For this, we need
the notion of face-accessibility>. Let C be a (closed) convex
polytope. A face F of C is the intersection of C' with any
closed halfspace whose boundary is disjoint from the interior
of C. A strict face is a face of C that is not the empty set
or C itself. For example, if C is of dimension two, then the
strict faces of C are its edges and its vertices.

SWhen s = 1, face-accessibility of an .A-graph is equivalent to face-
accessibility of a G-graph defined in [14].

Definition 4.6 (face-accessibility of an .A-graph). Let I' be
an A-graph. Denote by C' C R*™™ the convex hull of V(T').
A strict face F' of C' is called accessible if there is an edge
e € E(T') such that o(e) € F and 7(e) € C \ F. The A-
graph I is called face-accessible if every strict face of C' is
accessible. See Figures 5, 6 and 7 for examples.

A

Fig. 5. Example of a non face-accessible graph: the strict face F' not

accessible.
A3

A

Fig. 6. A non face-accessible graph: F' is not accessible. Note that
A1, A, A3 are not in the same plane, despite appearing so in the figure.

A
Fig. 7. A face-accessible graph I' that is not Eulerian due to discon-

nectivity.
Ay V
Ay

Fig. 8. The union T of two translations of T' drawn respectively in
black and red.

Recall that a directed graph I is called symmetric if the in-
degree is equal to the out-degree at every vertex. An Eulerian
graph is symmetric and face-accessible. While symmetric face-
accessible graphs are not necessarily Eulerian, we show that
they can be used to construct Eulerian graphs:

Theorem 4.7. Suppose A is trim and primitive. Let I" be a full-
image, symmetric and face-accessible A-graph. Then there
exist 21,...,2m € Z", such that the union of translations
=", T+ (0°%2) is an Eulerian graph.®

See Figure 8 for an illustration of Theorem 4.7. The proof is
given in Appendix B. Note that the face-accessibility condition

STheorem 4.7 is a generalization of [14, Theorem 3.3], which covers the
case of s = 1. Proving the general statement with s > 2 is highly non-trivial.
It is crucial that I' is an A-graph (with vertices in A) instead of an arbitrary
graph over Z5T": the theorem is false for arbitrary graphs over Z+".



is necessary: one can verify that taking a union of horizontal
translations of the graphs in Figure 5 or 6 cannot produce a
connected graph. Lemma 4.5 and Theorem 4.7 lead to:

Proposition 4.8. A trim primitive automaton A admits an
Identity Traversal if and only if there exists a full-image
symmetric face-accessible A-graph that represents 0.

B. From A-graphs to position polynomials

We now describe .A-graphs using their position polynomials.
The difficulty here is the characterization of face-accessibility
when s > 2. We overcome this by introducing the notion
of partial contractions. This can be intuitively understood
as “contracting” the collection of lattices Aq,..., A into a
single lattice, and reducing to the case s = 1, which has been
completely understood in [14].

The position polynomials of an A-graph is a tuple f =
(fi,---, ft) € NIXE]!, where

Jo= Z

e€E(T"),A(e)={

Xﬂz"(f’(e)), {=1,...,t.

That is, f, is the sum of monomials X%, where z ranges
over the Z"-coordinate of the source vertex of all edges of
label ¢. These polynomials have only non-negative coefficients,
hence are in N[X*]. For example, for the A-graph I' drawn
in Figure 4, the position polynomials will be the four-tuple

(f1, fos f3, 1), where f1 =1, fo = X1 + X7, f3 = X3, fa =

X2
Conversely, given any tuple of polynomials f =
(f1,---, ft) € NIXE]?, one can construct a G-graph T' such

that f is exactly its tuple of position polynomials. Indeed, for
each monomial cX? appearing in f,, we can draw ¢ > 1 edges
of label £ starting at vertex (b (s, 2).

In the wake of Proposition 4.8, we will characterize the
following four properties of an A-graph I' using its position
polynomials: (i) whether I' is full-image, (ii) whether I is
symmetric, (iii) whether I' represents 0 € ), (iv) whether T"
is face-accessible. Properties (i)-(iii) are easy to characterize:

Lemma 4.9. Let " be an A-graph with position polynomials
f - (fla . '7ft) € N[Xi]t
() T is full-image if and only if f, € N[X*]* := N[X*]\
{0}, fort=1,...,t
(ii) T is symmetric if and only if for each i = 1,...,s, we
have 3y, quy=i fo = 2ou: =i fo- X
@iii) T represents O if and only if 22:1 fe-ye=0.

To characterize the face-accessibility of I', we will use
the weighted degree of a “contracted” version of position
polynomials. Let - denote the dot product in R"™. Given a
polynomial f = Y. .;.c,X? € R[X*]* and a vector
v € (R™)* := R™\ {0}, the weighted degree of f at direction v
is defined as deg, (f) = max{v-a | a € Z", ¢, # 0}. Define
additionally deg, (0) = —oco. We now introduce the notion of
partial contractions of an automaton A:

Definition 4.10 (Partial contraction). A partial contraction of
A is a tuple (S, T, p), where

(i) S is a non-empty subset of {1,...,s}.

(if) T is a subset of {1,...,t}, such that the transitions {J |
¢ € T} form a spanning tree of the state set {¢; | ¢ € S}
in the underlying undirected graph. In particular, |7| =
|S] — 1.

(iii) p is an element of S; the state g, will be seen as the
“root” of the undirected spanning tree.

Then in the automaton A* (recall its definition before

Lemma 4.1), for every index ¢ € S, there exists a unique

path consisting of transitions in {0, | £ € T} U {6, | L€ T},

that connects from g¢; to g,. See the automaton in Figure 9 for

an illustration.

Ay

1, D

A

O

Fig. 9. Partial contraction with S = {2,3,4}, T = {4,5}, p = 3.
The contracted transitions (04 and d5) are marked with thick arrows,
and Q71(S) = {2,3,4,5,6}.

Ay

L

/

Fig. 10. Non-accessible face I’ becomes three petals after contraction.

Let f = (f1,..., fi) € N[XT]* be the position polynomials
of I. Foraset S C {1,...,s}, denote Q~1(S) := {£| Q) €



S}. Given a partial contraction (S, 7, p) and a tuple of position
polynomials f = (f1,..., f:) € N[XT]*, define the tuple of
contracted position polynomials

f(SvT7p) = <f€(S'T7f)))

where the polynomial fe(S’T’p) € NIX*),£ € Q71(9), is
defined as follows: there is a unique path Pg() in At
consisting of transitions in {0, | £ € TYU{d, | £ € T},
that connects from gq s to g,. Write its evaluation ev(Pq )
as (YPoy)» 2Po ). We define FETE = g, X P,

Similarly, if A(¢) € S, we denote by Pa() the path in
A% from ga(s) to gp, consisting of transitions in {J; | ¢ €
T}U{d, | £ € T}. The path Pa(y evaluates to an element
(ypAM),zPA(Z)) for some zp, ,, € Z". Define the contracted
edge vectors in Z":

e N[X*]!2 ()l
1eQ-1(8)

)

o LeQ(S)\ A-L(S).

Example 4.11. Let us compute the contracted position
polynomials for the example in Figure 9. As shown in the
figure, let f1 = 1, fo = Xy, f3 = X}, fa = X{, f5 = X}
and fs = X{. The partial contraction we use is S = {2,3,4},
T ={4,5}, p =3, 50 Q71(S) = {2,3,4,5,6}. The path P,
from g4 to g3 evaluates to (y4, —1), so zp, = —1. We have
0(2) = Q(3) = 4, therefore féS’T’p) = f3-X;!' = X? and

(570) — .. X7 = X, Similarly, the path P, from g5 to
g3 evaluates to (ys,2) " = (— X[ 2ys, —2), s0 zp, = —2. We
have ©(6) = 2, therefore f{*""”) = fs - X;2 = X2. Finally,
we have Q(2) = Q(5) = 3, therefore fQ(S’T’p) = fo = X; and

a(S,T’P) — {af + ZPpy — ZPogy» te Q_I(S) N A_l(S)v
14 T

fESS,T ) _ f5 = X3. The contracted position polynomials are
therefore 2(37779)7 éS’T’p),fiS'T’p),ngS’T’p),féS’T’p))

(X1, X% X1, X3, X?). The contracted edge vectors
ST, ST, ST, ST, ST,
are (ag p), aé p), af; p), aé p), aé p)) _

(1,0,0,0,0). O

The contracted position polynomials can be seen as “po-
sition polynomials” of a graph T over Z", which is
obtained from I' by contracting the lattices A;,7 € S into a
single lattice Z", and discarding the other lattices A;,i ¢ S.
See Figure 9 for an illustration. During the contraction, each
lattice A; = {b;} x Z",i € S, is translated by the vector
(=bi, zp,), where zp, is the sum of the Z™-coordinates along
the unique path (in the subgraph of A* defined by 7) from
¢i to ¢,. In particular, if two lattices A;,Aj,i,j € S, are
connected by some edge e with label ¢ € T, then the edge
e will become a loop after the contraction (e.g. the green
and blue edges in Figure 9). Similarly, the contracted edge
vector aéS’T’p ) corresponds to the edge vector of label ¢ after
the contraction. The edges in the contracted graph T'(5:7:r)
have labels in 271(S). Edges going to a discarded lattice
A;,i ¢ S (e.g. the brown edge) can be seen as “dangling”:
these are edges with labels in Q~1(S) N A=1(S)C, where
A~Y(S)E = {1,...,t} \ A~1(S). Note that when S is a
singleton {p}, the set 7 is empty, and the tuple FUrk0.0)
is simply (fe)eca-1(p)-

Given a partial contraction (S,7,p) and a vector v €
(R™)*, define

Mv((sv T, P), f) = {é € Qil(S)

max

deg, (fé(smp)) =, dmax {degv ( }S’T’p)>} }

This is the set of labels £ € Q~1(S) such that deg, ( g(smp))

is maximal. In the contracted graph I'(5:7?) the source
coordinate of edges with labels in M, ((S,T,p), f) have the
largest inner product with v. Define additionally

0,(8, T, p) = {e e Y(9) \ alS7TP) 4 v} .
This is the set of labels whose contracted edge vectors aES’T’p )
are not orthogonal to v.

Example 4.11 (continued). We now compute the sets
M,((S,T,p), f) and O,(S,T,p) for Example 4.11. Since
we are working in dimension n = 1, the vector v is a real
number in R*. If v < 0, then M,((S,T,p), f) = {2,4},
because fQ(S’T’p) and fiS’T’p ) have the lowest degree (that is,
highest degree at direction v = —1) in the tuple f(S’T”’). If
v > 0, then M,((S,T,p), f) = {5}, because féS’T’p) has
the highest degree in the tuple f(s TP, Correspondingly in
the contracted graph I'(5:7-7) at the left extremity we have the
sources of edges with label in {2, 4}; and at the right extremity
we have the sources of edges with label in {5}. See Figure 9.

As for the set O,(S,T,p), for all v € R* we have
0.((S, T, p), f) = {2}, because a$>7**) is the only non-zero
vector among aéS’T’p ).t € Q71(S). Correspondingly in the
contracted graph T'(®:7-#) only the edge with label 2 is not a
loop or a dangling edge. [

Using the contracted position polynomials and the con-
tracted edge vectors, we can characterize face-accessibility
of I'. The following lemma is a formal way of expressing
“I" is face-accessible if and only if all its partial contractions
'(57) are face-accessible” (in particular, faces containing
sources of “dangling” edges are considered accessible).

Lemma 4.12. Let I' be a symmetric A-graph with position
polynomials f = (f1,...,f;) € NXT|'. Then T is face-
accessible if and only if for every partial contraction (S, T, p),
we have

(0u(S, Top) UATHSE) N ML((S, Top). ) £ 0 )
for every v € (R™)".

Sketch of proof. See Appendix A for a full proof. We show the
contrapositive: the convex hull C of V'(T") has a non-accessible
face if and only if 3(S, T, p), Jv € (R™)*, such that

(0u(8.T,p) UATH(S)®) N DL ((S. T p). ) = 0.

If F' is a non-accessible face of C, then consider all the
edges whose source is in F' (their target will also be in F').



Let 7~' be the set of labels of these edges, and let S be the
index set of origin and destination states of all transitions with
label in 7. Consider the subautomaton A’ of A whose states
are ¢;,1 € S, and whose transitions are O, t € T (we do not
specify the initial or accepting state of A’). Let S C S be
such that {g; | 7 € S} is a weakly connected component of
A’,let T C T be such that {6; | t € T} is an undirected
spanning tree of this weakly connected component. Let p be
any element of S. We contract I" according to (S, 7T, p) (see
Figure 10 for an illustration). Since F' is non-accessible, it will
still be non-accessible after the contraction. After contraction,
F will be the extremal face at some direction v € (R")"
(e.g. in Figure 10, v would be (—1), a vector pointing to
the left). This means that among the position polynomials
FETR) e Q71(S), of T(ST), the index of those with
the highest deg,(-) correspond to the labels of contracted
edges that are orthogonal to v (e.g. the three loops in the
leftmost position in the contracted graph of Figure 10). This
is because F' is orthogonal to v after contraction. In terms
of description by deg, (-), the indices of these polynomials
are exactly M,((S,T,p), f). Whereas the labels ¢ whose
corresponding contracted edges that are not orthogonal to v are
either in O, (S, T, p) (if the contracted edge is not dangling),
orin A~1(S )E (if the contracted edge is dangling). Therefore

OU(Sa 7-7 p) U Ail(s)c) n MU((Sa T7 p)a .f) = Q]
The other implication direction can be proved similarly. [

The definition of f(S’T”i) can be naturally extended to
the case where f € Z[X*]' instead of N[X*]": write
f = ft — f where f1,f° € N[X*], and define

S, T, —\ (ST,
f(S,T,p) — (f-i-)( p) (f )( P).
Define

forie=1,...,s

)

MZ = {f (fla"'aft) GZ[‘Yi]t

> fz > fe- X fo ye—O} Q)

0: Q)= 0: A(0)=i

This is the Z[Xi]-module consisting of all f € Z[X*]*
satisfying the conditions in Lemma 4.9 (ii) and (iii). A finite
set of generators for Mgz can be effectively computed [30],
for example using Grobner basis [31].

We then want to include the condition in Lemma 4.12. For
this, we will replace the information of f by all its contracted
position polynomials. Denote by PC the set of all partial
contractions of A, denote K := > g cpe |Q71(S)], and
define the Z[X*]-module

Mo — L F . (ST YE1K

Mz = {f o (fe )(S,T,p)EPC,éeQ*(S) € Zix7]

‘ fe Mz}. ©)

Note that each entry fE(S’T’p) in } is obtained by multiplying
fe by a fixed monomial, independant of f. Therefore, if {f, |

i € I} is a generating set of My, then {f, | i € I} is a

generating set of MZ Note that we can recover f as a sub-
tuple of f: for p € {1,..., s}, the sub-tuple f {rh00) of F is
simply (f¢) 0eQ-1(p)> and therefore f contains as a sub-tuple
(f)ecus_, 1) = (fo)eeqr,...t3-

Using Lemma 4.12, we now characterize the face-
accessibility of I' by its contracted position polynomials f.
For simplicity, rename the indices of f by writing f =

(fi,--., fx), where f; = f(S“T“p’),i = , K. Similarly,

Si,Tispi)
deﬁneal—aE Tp),z:l,...,

(S,T,p), define the sets

K. For a partial contraction

Iispy =i €l K} (S, Ty pi) = (S, T, p)}
s = {i € Isgp | i € 57191}
Foraset I C {1,..., K}, define
o (13) = {1 (7) = . (2}
and define
O, ={te{l,..., K} |a; Lv}.

One can see that f € (N[)?i}*)t if and only if f €
(NX=))",
rizing the definition of My as well as Lemma 4.9 and 4.12,
we obtain:

because } contains f as a sub-tuple. Summa-

Proposition 4.13. There exists a full-image symmetric face-
accessible I.éél-graph I, if and only if there exists f € My N
(N[X=E]*)", satisfying

(00 U J(s,7,0) N My <I(S,T,p)7 }) # 0,

(S,T.p) € PC.

(7)
for every v € (R™)",

C. Decidability for position polynomials

Following Proposition 4.13, the last ingredient needed to
finish this section is the following extension of [14, Theo-
rem 3.9].

Theorem 4.14. Denote A = R[X*], At = R>o[XF]*. Fix
n € N and let = be a finite set of indices. Suppose we are
given as input a set of generators g, ...,g,, € AKX with
integer coefficients, the vectors ay,...,ax € Z", as well as
subsets I¢, Je C {1,...,K} for each & € E. Denote by M
be the A-submodule of AX generated by g,,...,g,,. It is
decidable whether there exists f € M N (A+)K satisfying

(Op U Je) N My(Ie, f) # 0,

I

for every v € (R™)* £ € =,
®)
Here, if n = 0 then A is understood as R, and Property (8)

is considered trivially true.

When the index set = has cardinality one, Theorem 4.14
is exactly [14, Theorem 3.9]. Our proof of Theorem 4.14
essentially involves adding the quantifier “for every { € =~
in all appropriate places in the proof of [14, Theorem 3.9],
and thus does not present new conceptual difficulties. The full



proof of Theorem 4.14 as well as a comparison with [14,
Theorem 3.9] is provided in Appendix C.

We now finish the proof of Theorem 3.8. In the wake of
Proposition 4.13, we need to decide whether there exists f €
Mz N (N[X i]*)K that satisfies condition (7). Our goal is to
apply Theorem 4.14 with the index set = = PC. However, My,
is a Z[X*]-module, and in order to apply Theorem 4.14 we
need an R[X*]-module M. Let g,,...,g,, be the generators
of the Z[X*]-module Mgy, define

M={hi-g,++hm gn|hi,... hy€RXF]}.

Lemma 4.15. There exists an element f € MzN (N[Xi]*)K
satisfying Property (7), if and only if there exists f € M N
(R>o[XE]*)" satisfying Property (7).

Therefore, by Lemma 4.15 we can apply Theorem 4.14
with Z = PC to the R[X*]-module M instead of the
Z[)?i]-module Myz. Summarizing Proposition 4.2, 4.8, 4.13,
Lemma 4.15 and Theorem 4.14, we obtain a proof of Theo-
rem 3.8, the main goal of this section:

Theorem 3.8. Given as input a finitely presented
ZIXE, . . XF)-module Y and an automaton A over
Y X Z"™, it is decidable whether ev(A) is a group.

Proof. Without loss of generality suppose A is trim. By
Lemma 4.1 we can suppose A to be primitive. By the series
of reductions Proposition 4.2, 4.8 and 4.13, ev(A) is a group
if and only if there exists f € Mz N (N[X%]*)" that satisfies
condition (7). By Lemma 4.15, this is equivalent to the exis-
tence of f € M N (Rxo[X j[]*)K that satisfies condition (7).
Note that My is defined as the solution set of a system of
linear equations over Z[X *], therefore its generating set (and
even Grobner basis) can be effectively computed [30], [31].
We then extend the generating set of My to the generating set
of Mz and M. Applying Theorem 4.14 with = being the set
of partial contractions PC, we conclude that it is decidable
whether there exists f € M N (Rxo[X i}*)K satisfying
condition (7). O]

It is worth noting that — similar to Lemma 2.1 — we can
define a procedure that decides whether a rational semigroup
ev(A) contains the neutral element from any algorithm de-
ciding whether such semigroups are groups. This may be of
independent interest:

Lemma 4.16. Let G be a group and A a trim automaton over
G (with q1 as the only starting and accepting state). Then
ev(A) contains the neutral element if and only if A admits a
trim sub-automaton A’, such that ev(A’) is a group. Here, a
sub-automaton of A is defined as an automaton whose state
set and transition set are subsets of the state set and transition

set of A.

Proof. Let e denote the neutral element of G. If e € ev(A),
then A admits some accepting run w with ev(w) = e. Let A’

be the trim sub-automaton of .4 whose states and transitions
are exactly those used in w. Then w is an Identity Traversal
of A’, so ev(A’) is a group by Proposition 4.2. If A admits
a sub-automaton A’ such that ev(A’) is a group, take any
Identity Traversal w of A’, then w is an accepting run of A
with ev(w) = e. So ev(.A) contains the neutral element.
Therefore, to decide whether ev(A) contains the neutral
element, it suffices to enumerate all trim sub-automata A’ of
A, and decide whether any of them satisfies the condition
“ev(A’) is a group”. O

Therefore, Theorem 3.8 and Lemma 4.16 show that it is
decidable whether a rational semigroup ev(.A) of Y x Z™ con-
tains the neutral element, by enumerating all sub-automaton
of the trim automaton .A. Furthermore, recall that Section 3
showed for a given automaton A over T(d,K), where K is
an algebraic number field, it is decidable whether ev(A) is a
group. Therefore, by Lemma 4.16, it is also decidable whether
ev(A) C T(d,K) contains the neutral element.

5. NILPOTENT GROUPS OF FINITE PRUFER RANK
In this section we prove Theorem 3.4:

Theorem 3.4. Let K be an algebraic number field and N
be a subgroup of UT(d,K). Let M be a subsemigroup of N
and denote by M its image under the quotient map N —
N/[N,N]. If M = N/[N, N] (equivalently, if M[N,N] =
N), then M = N.

The idea is to extend a weaker version of the theorem due to
Shafrir, and independently, to Bodart, Ciobanu and Metcalfe:

Theorem 5.1 ([23, Corollary 1], see also [22, Proposition 19]).
Let N be a finitely generated nilpotent group and M be a
subsemigroup of N. If M[N,N] = N, then M = N. More
generally, if M[N,N] is a finite-index subgroup of N, then
M is a finite-index subgroup of N.

This result should also be compared to the following:

Theorem 5.2 (Folklore, see [32, Theorem 2.2.3]). Let GG be a
nilpotent group and H a subgroup. Suppose that H|G,G] =
G|G,G], then H = G.

We will extend Theorem 5.1 from finitely generated nilpo-
tent groups to infinitely generated subgroups of UT(d, K). It
should be noted that Theorem 5.1 does not extend to general
nilpotent groups contrary to Theorem 5.2. Recall the classic
notions of isolators and Priifer rank.

Definition 5.3. The isolator of a subset X C G is the subset
I(X)={g€G|ImeLso, g" € X}.

Lemma 5.4 ([32, Theorem 2.5.8]). If G is nilpotent and H a

subgroup, then I(H) is a subgroup.

Definition 5.5 (Priifer rank). The Priifer rank of a group G,
denoted rk(G), is the maximum number of generators needed
to generate a finitely generated subgroup H < G.



For instance, every finitely generated subgroup of (Q, +) is
cyclic, therefore rk(Q) = 1.

Lemma 5.6 (Folklore, see [33, p.85, 3.]). Let G be a group
() If H < G, then tk(H) < 1k(G).
(i) If N 9 G, then rk(G) < 1k(N) + rk(G/N).

Theorem 5.7 ([34, Theorem 2.5]). If G is nilpotent and has
finite Priifer rank, then there exists a finite set B C G such

that I1((B),,,,) = G.

We are ready to prove Theorem 3.4. Recall [z,y] denotes

the element zyz 'y, called the commutator of = and y.

Proof of Theorem 3.4. We prove the result under a slightly
weaker condition: [N, N] has finite Priifer rank. First observe
this condition is indeed satisfied if N < UT(d, K). Indeed,

k[N, N] < tk(N) < 1k(UT(d,K)) < dimg(K) - <(21> < oo

using Lemma 5.6 (i) twice, then part (ii) iteratively on the
lower central series of UT(d, K).

From now on, we only suppose that rk[N, N] < oco. Using
Theorem 5.7, there exists a finite set B C [N, N] such that
I((B)gp,) = [N, N]. Each element of [N, N] (hence each
element of B) can be written as a product of commutators, so
we can in turn find a finite set A C N such that

I({{[a,a'] | a,d’ € A}>grp) D[N, N].

As M[N,N] = N, we find a finite set X C M such that,
for each a € A there exists z,y € X such that x = a and
y = a~! (mod [N, N]). Fix g € M. We take h € M such
that h = g~ (mod [N, N]). Let N = (9:h, A, X),,,, and
M=MnNN. By construction, we have

M -I([N,N]) 2 M- [N,N] 2 (g,h,X) - [N, N]
N-[N,N]2 N
N

hence M - I5([N,N]) = N (where Ig5(X) = {g €
Im >0, 2™ e X} =I(X)NN).

As N is finitely generated, this implies that M[N, N] is a
finite-index subgroup of N. Theorem 5.1 gives that M is a
subgroup of N.1In particular g admits an inverse in M, hence
in M. We conclude that M is a subgroup, hence M = N
using Theorem 5.2. O

Remark 5.8. Theorem 3.4 doesn’t hold for more general
nilpotent groups. For example, it does not hold when N is a
subgroup of UT(3,Q(X)), where Q(X) denotes the field of
rational functions over Q. Indeed, let IV be the group generated
by the following elements:

1 Xz X27,'+1 1 7Xi X2i+1
A,=10 1 o |,Bi=(0 1 o |,

0 0 1 0 0 1

1 0 X2i+1 1 0 X2i+1
c;=[o1 xi |, Di=(0o 1 —xi],

00 1 00 1

for i = 0, 1,27. N that iS, N = <{Ai7Biac’iaDi ‘ (&S N}>grp'
Then
1 g f
0 0 1
1 0 f
[IN,N]=<S |0 1 0]]|fezX]
0 0 1

The latter equality is justified by the fact that [N, N] contains
the elements

1 0 X¢
A;CoA7'Cy =10 1 0 |,i=0,1,2,....
0 0 1
Let M be the semigroup ({A;, B;,C;, D;|i € N}), then
MI[N, N] = N. However, we have M # N because I ¢ M.

L g f
Indeed, let P = |0 1 h| any non-empty product of
0 0 1

A;, Bi,Ci, Diyi € N, where m > 0 is the largest index
used. Then deg(g) < m, deg(h) < m. Furthermore, deg(f) =
2m+1, and the coefficient of the term X 2™+ in f is positive.
So f#0,and P # I.

6. CONCLUSION AND OUTLOOK

In this paper we proved decidability of the Identity Prob-
lem and the Group Problem in virtually solvable subgroups
of GL(d,Q). An immediate open question is whether our
decidability result still holds when the field Q is replaced
by other effectively computable fields such as Q(X) or
F,(X) (where F,, denotes the finite field of cardinality p).
A number of interesting solvable groups are not embeddable
in GL(d, Q), such as the wreath product Z1Z = Z[X*] x Z
(which is embeddable in GL(2,Q(X))) and the lamplighter
group (Z/27) 17 = F3[X*] x Z (which is embeddable
in GL(2,F5(X))). Many such groups still have decidable
Identity Problem and Group Problem (direct consequence of
Theorem 3.8, also [14]), and the lamplighter group Zy ! Z
even has decidable Semigroup Membership [21]. Therefore,
one might expect the Identity Problem and the Group Problem
to be decidable for virtually solvable matrix groups over
some well-behaved fields other than Q. On the other hand,
a celebrated result of Kharlampovich [35] shows that general
solvable groups are highly intractable: there exists a 3-step
solvable group (a group G such that G is trivial), where
the Word Problem is undecidable. Moreover, there exists
center-by-metabelian groups with decidable Word Problem
and undecidable Torsion Problem (hence undecidable Identity
Problem) [36, Proposition 3.2]. Therefore, one might expect
the Identity Problem and the Group Problem to be undecidable
for solvable matrix groups over more complicated fields.

As demonstrated in Remark 5.8, one of our key theorems
(Theorem 3.4) no longer holds for the group UT(3,Q(X)).
Therefore, our proof of decidability for the Group Problem
does not apply to solvable subgroups of GL(3,Q(X)).



[1]
[2]

[3]

[4]

[5]

[6]

[7]

[8]

[10]

(11]

[12]
[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]
[23]

[24]

REFERENCES

A. Markov, “On certain insoluble problems concerning matrices,” Dok-
lady Akad. Nauk SSSR, vol. 57, no. 6, pp. 539-542, 1947.

L. Babai, “Trading group theory for randomness,” in Proceedings of the
seventeenth annual ACM symposium on Theory of computing, 1985, pp.
421-429.

R. Beals and L. Babai, “Las vegas algorithms for matrix groups,”
in Proceedings of 1993 IEEE 34th Annual Foundations of Computer
Science. 1EEE, 1993, pp. 427-436.

V. D. Blondel, E. Jeandel, P. Koiran, and N. Portier, “Decidable and
undecidable problems about quantum automata,” SIAM Journal on
Computing, vol. 34, no. 6, pp. 1464-1473, 2005.

C. Choffrut and J. Karhuméki, “Some decision problems on integer ma-
trices,” RAIRO-Theoretical Informatics and Applications-Informatique
Théorique et Applications, vol. 39, no. 1, pp. 125-131, 2005.

E. Hrushovski, J. Ouaknine, A. Pouly, and J. Worrell, “Polynomial
invariants for affine programs,” in Proceedings of the 33rd Annual
ACM/IEEE Symposium on Logic in Computer Science, 2018, pp. 530—
539.

K. A. Mikhailova, “The occurrence problem for direct products of
groups,” Doklady Akad. Nauk SSSR, vol. 119, no. 6, p. 1103-1105,
1958.

H. Cohen, A course in computational algebraic number theory. Springer
Science & Business Media, 2013, vol. 138.

P. C. Bell and 1. Potapov, “On the undecidability of the identity
correspondence problem and its applications for word and matrix
semigroups,” International Journal of Foundations of Computer Science,
vol. 21, no. 06, pp. 963-978, 2010.

P. C. Bell, M. Hirvensalo, and I. Potapov, “The Identity Problem for
matrix semigroups in SL2(Z) is NP-complete,” in Proceedings of the
Twenty-Eighth Annual ACM-SIAM Symposium on Discrete Algorithms.
SIAM, 2017, pp. 187-206.

S. Ko, R. Niskanen, and I. Potapov, “On the identity problem for the
special linear group and the Heisenberg group,” in 45th International
Colloquium on Automata, Languages, and Programming, ICALP 2018,
ser. LIPIcs, vol. 107, 2018, pp. 132:1-132:15.

R. Dong, “Recent advances in algorithmic problems for semigroups,”
ACM SIGLOG News, vol. 10, no. 4, pp. 3-23, 2023.

M. Lohrey, “Membership problems in infinite groups,” in Conference
on Computability in Europe. Springer, 2024, pp. 44-59.

R. Dong, “Semigroup algorithmic problems in metabelian groups,”
in Proceedings of the 56th Annual ACM Symposium on Theory of
Computing, 2024, pp. 884-891, full version: arxiv.org/abs/2304.12893.
J. Tits, “Free subgroups in linear groups,” Journal of Algebra, vol. 20,
no. 2, pp. 250-270, 1972.

V. M. Kopytov, “Solvability of the problem of occurrence in finitely gen-
erated soluble groups of matrices over the field of algebraic numbers,”
Algebra i Logika, vol. 7, no. 6, pp. 388-393, 1968.

V. Roman’kov, “Undecidability of the submonoid membership problem
for a sufficiently large finite direct power of the Heisenberg group,”
arXiv preprint arXiv:2209.14786, 2022.

L. Babai, R. Beals, J.-y. Cai, G. Ivanyos, and E. M. Luks, “Multiplicative
equations over commuting matrices,” in Proceedings of the Seventh
Annual ACM-SIAM Symposium on Discrete Algorithms, 1996, pp. 498—
507.

T. Colcombet, J. Ouaknine, P. Semukhin, and J. Worrell, “On reachabil-
ity problems for low-dimensional matrix semigroups,” in 46th Interna-
tional Colloquium on Automata, Languages, and Programming, ICALP
2019, ser. LIPIcs, vol. 132, 2019, pp. 44:1-44:15.

M. Cadilhac, D. Chistikov, and G. Zetzsche, “Rational subsets of
Baumslag-Solitar groups,” in 47th International Colloquium on Au-
tomata, Languages, and Programming, ICALP 2020, ser. LIPIcs, vol.
168, 2020, pp. 116:1-116:16.

M. Lohrey, B. Steinberg, and G. Zetzsche, “Rational subsets and
submonoids of wreath products,” Information and Computation, vol.
243, pp. 191-204, 2015.

C. Bodart, L. Ciobanu, and G. Metcalfe, “Ordering groups and the
identity problem,” arXiv preprint arXiv:2411.15639, 2024.

D. Shafrir, “A saturation theorem for submonoids of nilpotent groups
and the Identity Problem,” arXiv preprint arXiv:2402.07337, 2024.

C. Drutu and M. Kapovich, Geometric group theory. American
Mathematical Soc., 2018, vol. 63.

[25] R. Beals, “Algorithms for matrix groups and the Tits alternative,”
Journal of computer and system sciences, vol. 58, no. 2, pp. 260-279,
1999.

M. Lohrey, “The rational subset membership problem for groups: a
survey,” in Groups St Andrews, vol. 422. Cambridge University Press,
2013, pp. 368-389.

A. I. Mal’tsev, “On some classes of infinite soluble groups,” Matem-
aticheskii Sbornik, vol. 70, no. 3, pp. 567-588, 1951.

G. Ostheimer, “Practical algorithms for polycyclic matrix groups,”
Journal of Symbolic Computation, vol. 28, no. 3, pp. 361-379, 1999.
V. M. Kopytov, “Solvability of the occurrence problem in finitely
generated solvable matrix groups over a numbered field,” Algebra i
Logika, vol. 10, no. 2, p. 169-182, 1971.

F.-O. Schreyer, “Die Berechnung von Syzygien mit dem verallge-
meinerten Weierstralschen Divisionssatz,” Master’s thesis, Fakultit fiir
Mathematik, Universitit Hamburg, 1980.

D. Eisenbud, Commutative algebra: with a view toward algebraic
geometry. Springer Science & Business Media, 2013, vol. 150.

E. 1. Khukhro, Nilpotent Groups and their Automorphisms. Berlin, New
York: De Gruyter, 1993.

J. C. Lennox and D. J. Robinson, The theory of infinite soluble groups.
Clarendon press, 2004.

P. S. Kim and Y. Kim, “Note on groups with finite base,” Comm. Korean
Math. Soc., vol. 11, no. 2, pp. 303-310, 1996.

O. G. Kharlampovich, “A finitely presented solvable group with un-
solvable word problem,” Izvestiya Rossiiskoi Akademii Nauk. Seriya
Matematicheskaya, vol. 45, no. 4, pp. 852-873, 1981.

G. Arzhantseva, J.-F. Lafont, and A. Minasyan, “Isomorphism versus
commensurability for a class of finitely presented groups,” Journal of
Group Theory, vol. 17, no. 2, pp. 361-378, 2014. [Online]. Available:
https://doi.org/10.1515/jgt-2013-0050

M. Kambites, P. V. Silva, and B. Steinberg, “On the rational subset
problem for groups,” Journal of Algebra, vol. 309, no. 2, pp. 622-639,
2007.

R. H. Gilman, “Groups with a rational cross-section,” in Combinatorial
group theory and topology, vol. 111, 1987, pp. 175-183.

G. Baumslag, F. B. Cannonito, and C. F. Miller III, “Computable algebra
and group embeddings,” Journal of Algebra, vol. 69, no. 1, pp. 186-212,
1981.

A. Tarski, A Decision Method for Elementary Algebra and Geometry.
second ed., rev., Univ. of California Press, Berkeley, 1951.

[26]

[27]
[28]

[29]
[30]

[31]
(32]
[33]
[34]

[35]

[36]

[37]

[38]

[39]

[40]

APPENDIX A
OMITTED PROOFS

Lemma 3.1. Ler T < T(d,K) be a finite index normal
subgroup of G = (Al,...,Am>grp, given by a finite set
of generators. Then, (Aq,...,An) is a group if and only
if S = (Ay,...,An) NT is a group. Furthermore, S
is a rational subsemigroup of T, whose automaton can be
effectively computed from Ay, ..., Ay, and the generators of

T.
Proof. If (Ay,...,A,) is a group then obviously
(Ay,...,A,) N T is a group. Suppose that
(A1,...,A,) N T is a group, we show that every
element in (Aj,...,A,) is invertible. Take any
s € (Ai,...,An), then since |G/T| < oo, we have
sIG/TL ¢ (Ay,...,An) NT. Since (Ay,...,Ay) NT is
a group, we have s~!¢/Tl ¢ (Ay,...,Ay) N T. Thus,
st = ss---5.5719/TL € (Ay,... A,). Therefore,
|G/T|-1

(Aq,...,An) is a group.

Let By = I,By...,Bs € G be the representatives of

the left quotient 7\G. These can be effectively computed
using the following saturation procedure. Start with the set
B = {I,A,...,Ay}. For i = 1,...,m, we remove A;
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from B if there exists j > ¢ such that AiA;1 € T'. Note that
membership in 7" is decidable since 7T is solvable [16]. We then
repeat the following process: check for all pairs of elements
B;,B; € B, whether there exists some element B;, € B
such that B;B; B, L ¢ T. If there exists a pair of element
B;,B; € B, such that B;B;B;/' ¢ T for all By € S, then
we append the matrix B;B; to the set B. Otherwise we stop
the process. Note that at each point of the process, the set
B contains representatives for different equivalent classes in
T\G. By the finiteness of T\G, the process must terminate,
by which point B contains the complete set of representatives
for T\G.

We then construct an automaton A4 over T with states
q1,--.,qs using the method from [37, Lemma 3.3]. For
each A;,B;,i € {1,...,m},j € {1,...,s}, there exists
©(j,1) € {1,...,s} such that BjA; € TB,(;;. Compute
Tji € T be such that Bin = TjiBtp(j,i)' For each 7 €
{1,...,m},j € {1,...,s}, we add a transition 0,,;_mm+; in
A from the state g; to q,(j), with evaluation Tj;. We claim
that ev(A) = (41,..., A,n) NT.

Indeed, take any product A; A, --- A;, € (A, ...
T. Let TB;,,TB,,,TBj,,...,TB;

) Am> N
jpi1s TESpectively denote
the equivalent classes of I, A;, A Agy, ... Ay Ay - Ay
in T\G. In particular, for | = 1,...,p, we have
TBj;A;, = TB; so ©(ji,4) = ji+1. Consider the path
Omjy—m+is Omja—m+tis ** * Omyj,—m+i, in A. It is indeed a path
because for each [ = 1,...,p, the transition 0,5 —m+s,
originates at the state g;, and ends at state qu(j,,i,) = @jiis-

1+1°

Furthermore, the path originates at g; because TB;, = T
so j1 = 1. It ends at g, because A; A;,---A;, € T, so
TBj,,, = T and j,y1 = 1. Therefore, A; A;, -+ A;, =

ev(émjl —m+i16mj2—m+i2 s (Smjp—m—i-ip) < eV(.A). Thus,
(A1,...,An)NT Cev(A).
To prove ev(A) C (Ay,...,Ap) NT, take any accepting

run 6mj17m+i1§mj27m+i2 . '§mjp7m+ip of A. Then jl =

©(pip) = 1, and @(j;,4;) = ji41 for I = 1,...,p — 1.
Therefore,
ev(émjl—m—&-il 5mj2—m+i2 s 5mjp—m+ip)
= leilsziz o 'ijip
—RB. A B! .B. A B~1 .....B. A. B!
_leA“BW(jhil) BJ?AZZBLP(jzaiQ) BJPAl”BS@(jpvip)

= Ay Ay - Ay € (AL A

Thus, ev(A) C (A, ..., Amn)NT. We therefore conclude that
ev(A) =(Ay,..., Apn)NT. O

Lemma 3.3. Let S be a rational subsemigroup of T, then
(S) arp IS finitely generated. Furthermore, given an automaton
over T that recognizes S, one can compute an automaton
over <S>grp that recognizes S, as well as compute a set of

generators for (S),, ..

Proof. The proof uses standard techniques for automata over
groups, see for example [38] for similar results. Let A be
an automaton over T such that ev(A) = S. Without loss of
generality suppose A to be trim. For each state ¢;,¢ = 2,..., s,
of A, let w; denote a path from ¢; to ¢; and write B; =

ev(w;). Define additionally B := I. Let A’ be the automaton
constructed as follows. The states of A’ are the same as A.
For each transition J, in A, there is a transition d; in A" with
the same origin and destination states, such that ev(dy) =
Bg(le) ev(d¢) Ba(e)- We will show that A’ is an automaton over
(ev(A))g,, and ev(A) = ev(A).

First, we show ev(A’) = ev(A). Note that §; ---d; is
an accepting run of ev(A’) if and only if dy, ---dy,, is an
accepting run of ev(.A). Furthermore, when they are accepting
runs, we have

ev(dy, -0y )
= (Bs_z(lzl) eV(&l)BA((el)) : (Bg(léz)ev((Seg)BA(@))

. (B;z(lém) eV((ng)BA(gm))
= ev(dp,)---ev(dye,,)
= eV((Sgl cee 5@ )

m

Therefore ev(A') = ev(A).

Next, we show that (ev(d}),...,ev(d})))
We' clai.rn that Bé(ll) §v(5g)BA(g) € <ev(A).>grp for all £. Since
A is trim, for each i = 1,...,s, there exists a path v; from
q1 to g;. Then ev(vg(g))ev(ég)BA(g) = ev(vg(g)égwA(g)) S
ev(A). Similarly, ev(vo(e)) B = ev(vauwwae)) € ev(A).
Therefore,

= (ev(A4)) grp-

grp

eV((Sé) = Bé(li) eV((Sg)BA(() =
—1
(eV(UQ(g))BQ(g)) (eV(’UQ(g)) ev(ég)BA(g)) S <eV(A)>grp .
Since every element in ev(A’) is
ev(d}),...,ev(d;), we have

(ev(A))gep < (ev(81), -+, ev(6})) gy
< (ev(A)) grp = (ev(A))

grp

a product of

erp ’

So (ev(A))y, = (ev(d1),...,ev(d;)))g,, is finitely gen-
erated, and the transitions of A’ actually evaluates in
<ev('A)>grp’ D

Lemma 3.6 (Composition of [29, Lemma 2] and [14,

Lemma B.3]). Let K be an algebraic number field. Suppose

we are given a finitely generated subgroup T of T(d,K),

let N == T NUT(d,K). One can compute an embedding

¢: T/IN,N| — (Y x Z")/H, where

(i) n € N and Y is a finitely presented Z[Xli, ..
module.

(i) H is a subgroup of Z™ < Y x Z", and elements of H
commute with all elements in Y X Z".

In particular, given any g € T, one can compute (y,z) €

Y X Z™ such that p(g|N, N]) = (y,z)H.

L X

Proof. By [29, Lemma 2], we can compute a finite presenta-
tion of T'/[N, N] in the variety of metabelian groups (see for
example [33, Chapter 9] for the definition of finite presentation
in varieties). Using this finite presentation, [14, Lemma B.3]
shows that T'/[N, N] can be effectively embedded in a quotient
(Y x Z™)/H satisfying the conditions (i) and (ii). O



Lemma 3.7. Let ¢(S) be a rational subsemigroup of (Y X
Z™)/H recognized by a given automaton. Then one can
compute an automaton over )Y X Z' that recognizes the

subsemigroup ¢(S)H.

Proof. Let A be an automaton over () x Z")/H recognizing
©(S). Denote by 61,...,8; its transitions. Let A’ be the
automaton over ) xZ" obtained from A by replacing the eval-
vations ev(d1) = (y1,a1)H,...,ev(6:) = (yi,at)H, respec-
tively by (y1,a1),- .., (yt, ar). Denote by (0, h1),. .., (0, hy,)
the generators of H as a semigroup. We then append m
transitions to A’, whose origins and destinations are the

accepting state ¢;, and whose evaluations are respectively

(0,h1),...,(0, hy,). We thus obtain an automaton over ) x Z"
that recognizes ¢(S)H, because (0, hy), ..., (0, hy,) commute
with (y1,a1),. .., (Y, at). O

Lemma 4.1. Suppose we are given a trim automaton A
over Ji} X Z”.A/Oine can compute n. € N, a finitely presented
ZJXl E.€; |-module j/v and a primitive trim automaton
A over Y x 7", such that ev(A) is a group if and only if
ev(A) is a group.

Proof. Denote by m the projection ) x Z" — Z". Define
L := m(ev(A*)). Fix i € {2,...,s}. Let w; be a path in A*
from ¢; to ¢;, and define z; := w(ev(w;)). Then every path
w from ¢; to ¢; satisfies m(ev(w)) € z; + L, because one can
concatenate w with the “inverse” w; to obtain an accepting
run of A%, so m(ev(w)) — z; = w(ev(ww; )) € L. Therefore,
we have ay € 2a(0) — 2q(¢) + L, for all £.

Next, consider the automaton A’ obtained from A as
follows: the states of A’ are the same as A, and the transitions
of A" are ¢/, ...,0;, where d,,£ =1, ..., t, has the same origin
and target as dz, but ev(dy) = (0, —2zq(p)) - ev(de) - (0, za(r))-
We claim that ev(A’) = ev(A), by the same argument as
in the proof of Lemma 3.3. Indeed, take any accepting run
w = 0g,0p, 07, of A, we have 1 = Q(1),A(l;) =
Qls),...,Alp—1) = Q¥p),A(¢,) = 1. Then the run
w' =& &, -9, of A" is accepting, and

P

ev(w')
= (0, —2q(z,)) - ev(0e,) - (0, 2a(2,))-
(0, —za(e,)) - €v(de5) - (0, 2a(2,))-
- (0, —ZQ(ZP)) . ev(égp) - (0, ZA(ZP))
= eV((Sgl) eV((ng) e ev(&p)

= ev(w).

Similarly, if w’ = &;, d;, - - 52p is an accepting run of A’, then
w = 0p, g, - - - O, is an accepting run of A such that ev(w) =
ev(w’). Therefore ev(A’) = ev(.A). The same argument shows
ev(A'F) = ev(A%), and hence 7(ev(A'F)) = m(ev(AT)) =
L. Note that for £ =1,...,t, we have m(ev(dy)) = —zqq) +
ag + za(e) € L. Therefore, we can without loss of generality
replace A with A’, and suppose a; = w(ev(d,)) € L for all £.

Finally, let 31, ..., 87 € Z" denote a basis of lattice L, and
define the new variables X; == X7 i =1,...,7m. Let ) be

the Z[Ei,...,fﬁi]—mgdule generated by y1,...,y;, then
a finite presentation of ) can be effectively computed [39,
Theorem 2.14]. Thus, each element (y¢,ap) can now be
represented as an element in ) X Vi The automaton A is
thus considered as an automaton A over ) x Z™. Since A and
A recognize the same elements under different presentations,
ev(A) is a group if and only if ev(.A) is a group. Furthermore,
by the definition L, we have m(ev(A*)) = Z"; so A is
primitive. O

Proposition 4.2. The semigroup ev(A) is a group if and only
if A admits an Identity Traversal.

Proof. Suppose ev(.A) is a group. Let w be any accepting
traversal, then ev(w) € ev(A). Since ev(A) is a group,
we have ev(w)™! € ev(A). Let v be an accepting run
that evaluates to ev(w)~!. Then the concatenation wv is an
accepting traversal and ev(wv) = ev(w)ev(v) = (0,0™).
Suppose there exists an Identity Traversal w. Each transi-
tion dp,£ = 1,...,t, appears at least once in w. For each
£ = 1,...,t, write w = ugdsvp, and define wy to be the
concatenation vguy: it is a path that starts at the destination of
¢ and ends at the origin of &, such that ev(w;) = ev(dy) L.
In order to show that ev(.A) is a group, let w = &g, dg, - - - Jg,
be any accepting run and we prove ev(w)~! € M. Con-
sider the concatenation w’ := wy, - - wg,wy,, then w’ is an
accepting run and ev(w') = ev(wy,)---ev(wy,)ev(we,) =
ev(dp, )7 rev(dp,) tev(de, )"t = ev(w)~!. Therefore
ev(w)™t =ev(w') € ev(A). O

Lemma 4.5. There exists an Identity Traversal of A if and only
if there exists a full-image Eulerian A-graph that represents
0.

Proof. Let w be an Identity Traversal, then ev(w) = (0,0™).
This shows that the graph I'(w) represents the element 0 € ).
Furthermore, T'(w) is a path starting at the vertex (b1, 0™) and
ends in (by,0™ + 0™), hence it is Eulerian. Since w contains
transitions of every label, I'(w) is full-image.

Let I' be a full-image Eulerian A-graph that represents 0. By
translating I we can suppose I to contain the vertex (by,0™),
this does not change the fact that I' represents 0. Let P be an
Eulerian circuit of T" that starts and ends in (by,0™). We trace
the labels /1, ...,¢,, of edges in P to obtain a run w(P) =
00,0, - - - 0g, in A. The run w(P) is accepting because the P
starts and ends in the lattice A. Let (y,2) € Y x Z"™ denote
the evaluation ev(w(P)). We have y = 0 because I" represents
0 € Y. We have z = ZeeE(F) axe) = 0" because the P
is an Eulerian circuit. Therefore P is an accepting run that
evaluates to the neutral element. Furthermore, P uses every
transition at least once because I' is full-image, so P is an
Identity Traversal. O

Proposition 4.8. A trim primitive automaton A admits an
Identity Traversal if and only if there exists a full-image
symmetric face-accessible A-graph that represents 0.

Proof. If the automaton A admits an Identity Traversal, then
Lemma 4.5 shows there exists a full-image Eulerian .4-graph



representing 0: this Eulerian graph is symmetric and face-
accessible.

If there is a full-image symmetric face-accessible Eulerian
A-graph I representing 0, then by Theorem 4.7, some a union
of translations I' := [ J;, '+ (0%, 2;) is an Eulerian graph. The
graph r represents the element Y ;- X# -0 = 0, and it is full-
image because it contains the full-image graph T'+(0°, z1) as a
subgraph. Therefore, by Lemma 4.5, the automaton A admits
an Identity Traversal. O

Lemma 4.9. Let I be an A-graph with position polynomials
f:(fla"wft)eN[yi]t' _ _
() T is full-image if and only if f, € N[X*]* = N[X*]\
{0}, for £ =1,...,t
(i) T' is symmetric if and only if for each i = 1,...,s, we
have 3y, quy=i fo = 2ou: =i fo- X
(iii) T represents 0 if and only if 22:1 fe-ye=0.

Proof. (i) T is full-image if and only if each label appears at
least once, meaning f, # 0 for all /.
(ii) For i € {1,..., s}, we have

> fe= X
0 Q=i

£: Q0)=i, e€E(T),A(e)=¢

- 5

ecE(T),0(e)EN;

X (0(e)
X (7()),

and

> e X

£: A(0)=i

> >

£: A(0)=i, e€ E(T),\(e)=¢

X (@(e) | Yas

.S T Xt
£: A(0)=i,ecE(T"),\(e)=L
= Z Xﬂ'zn (T(e)).

ecE(T),r(e)EA;

These two sums are equal if and only if the in-degree equals
the out-degree at every vertex in A;. Therefore, I' is symmetric

if and only if 3°, i fo = 220 aqy=i fo- X holds for
alli € {1,...,s}.
(iii) T" represents the element

t
3 X e@ .y =5 S

c€B(T) (=1 c€ B(T) A\(e)=¢
t
= feoye,
=1

which is 0 if and only if >,_, f¢ - ye = 0. O

XWZ" (o(e)) Yy

Lemma 4.12. Let T' be a symmetric A-graph with position
polynomials f = (f1,...,f;) € N X*|'. Then T is face-
accessible if and only if for every partial contraction (S, T, p),
we have

(0u(S. T ) UATHS)®) NML((S.Top). F) £0 4

for every v € (R™)™.

Proof. We show the contrapositive: the convex hull C' of V/(T")
has a non-accessible face if and only if 3(S,7,p),Jv €
(R™)*, such that

(0u(8. T, p) UATH(S)T) N DL ((S. T, p). ) = 0.

1. Suppose C has a non-accessible face F. Then every
edge of I' that starts inside F' and ends inside F'. We will
show that there exists a partial contraction (S, 7, p) and some
vector v € (R™)*, such that (OU(S,T,p)UA’l(S)G) N
Mv((Sa T, p)7 .f) = 0.

Let (b,v) € (R*T™)" be such that F is the extremal face of
C at direction (b,v). That is, ' = {z € C' | Va' € C, (b,v) -
x > (b,v) - 2’'}. Let S denote the set of indices ¢ such that
V()N FNA; #0. Let E ., denote the set of edges in I’
whose source and target are both in F', and let 7~'(b’v) be the
set of labels appearing in F(; ). Consider the subautomaton
A of A whose set of states is {q; | i € S} and whose set
of transitions is {d; | £ € T3 }. Choose any S C S such
that {g; | i € S} is a connected component of A, and choose
T C Tb,v) such that {5, | £ € T} is an undirected spanning
tree of this connected component. Let p be any element of S,
we will show that

(Ov(Sv Ta P) U Ail(S)D') m MU((S’ Ta p)a f) = @

Take any ¢ € M,((S,T,p),f) € Q71(9), we will show
that ¢ ¢ A=1(S)C and ¢ & O,(S,T,p). By the definition
of M,((S,T,p),f), there is a monomial cX? appearing in
féS’T’” ), such that v - z is maximal among all monomials
appearing in f(s 7., ¢ € Q7(S). This yields an edge e
with label £, starting at (b s, 2) € F'NAg with Q(£) € S.

(i) First we show ¢ ¢ A~1(S)E, which is equivalent to
A(l) € S.

Since §2(¢) € S, all edges starting in V(I') N (F' N Agy))
end in F. Since {¢; | i € S} is a connected component of A,
all all edges starting in V(I') N (F' N Ag(y)) actually ends in
U,es(F N A;). Therefore A(¢) € S, so £ ¢ A~(S)E.

(ii) Next we show ¢ & O, (S, T, p), which is equivalent to
al> TP 1 v If A(€) ¢ S then a{®7 ) = 0" L v, so consider
the case where A(¢) € S. By the definition of 7 C ;f(b,v)v
every label ¢/ € T satisfy (ba () —boery, ar) = T(e)—0o(e) L
(b,v), where e is an edge contained within F' with label ¢'.
Let Py be the path consisting of transitions in {0; | I €
T} uU{d, |l €T} that connects from gq ) to g, and write
ev(Pae)) as (Yrg» 2Pg( )- Then

(bp = ba(e)s 2P ) = Z +(baq) — baqy, @) L (b,v).
6E€Po

©))

Similarly, let Pas) be the path consisting of transitions in

{0011 eTyu{é, |1 €T} that connects from ga e to g,



and write ev(Pa(r)) as (YPayy s 2Pa,y)- Then we have

2.

éliGPA(g)

(bp = ba(e)s 2Paiy) = +(baq) — baqy, @) L (b,v).
(10)
Furthermore, since both the source and target of the edge e

(with label /) are in F', we have

L (b,v).
Taking (10)+(11)—(9) yields (0%, zp,,, +ar—2Py, ) L
Therefore a\>7 ) = (a; + ZPa(ey — ZPogy) L V.

2. Suppose there exists a partial contraction (S, 7, p) and
some vector v € (R™)”, such that

(0u(S. T, UATHS)E) N DL((S. T, ). £) = 0.

We will show that some strict face of C' is not accessible. For
a set X we denote by conv(X) its convex hull.

For i = 1,...,s, define C; := conv(V(T') N A;), and let
F; be the extremal face of C; at direction (0°,v). Let b =
(B1,-..,08s) € R® be such that

@) (bﬂ)) 1 (bA(Z) - bQ(Z)7a¢) forall £ € T.

(ii) the extremal face F' of conv(V(T")) at direction (b,v)

satisfies V(I') N F = {J,.5(V(T') N F}). In other words, F
is so that its intersection with conv(V'(T")) contains and only
contains vertices in the lattices A;,i € S.
Such b can always be found. Indeed, since transitions with
label T form a tree with states of index S, we have |T| = |S|—
1. So condition (i) can be satisfied by choosing the coordinates
Bi,1 € S. Then, condition (ii) can be satisfied by choosing the
coordinates (;,i ¢ S to be sufficiently small compared to
Bi,i € S.

We will show that F' is not accessible. Let e be an edge
with label £ starting in (bo(e), 2) € V() N F

(i) First, we show £ € M,((S,T,p), f). Since o(e) € A;
with i € S, we have ¢ € Q71(S). Take any label ¢ € Q~1(S)
and let ¢ X* be the monomial with largest deg,, in fy-. Then
there is an edge ¢’ starting in (bo(s), ). Since V(I') N F' =
Uies(V(I') N F;) 2 V(') N Foery, there is an edge e” with
0'(6”) = (bg(gl), Z”) S FQ((I). Therefore (ﬁ, U) . (bQ(gl), Z”) >
(/Ba U) ’ (bQ(Z’)a Z/)7 yielding

(1)
(b, v).

(bagey — bacey, ar)

v-2' >wv- 2. (12)

Let Py(y) be the path consisting of transitions in {d; | [ €
T} uU{d, |l €T} that connects from gq ) to g, and write
ev(Pae)) as (Yrg» 2Pg( )- Then

>

5?: GPQ(()

L (b,v).

13)
Similarly, let Pq () be the path consisting of transitions in
{001l eTru{d, |1 €T} that connects from goery to g,
and write ev(Por)) as (Yrgy ) 2Pg s, )- Then

2.

+
51 EPQ(Z/>

(bp = ba(e)s 2Poy) = +(baq) — baqy, @)

(bp = boery, 2Py ) = +(baq) — baqy,ar) L (b,v).

(14)

Furthermore, since both (b (), 2) and (b,

we have
), 2" —z) L (b,v).

Computing (14)+(15)—(13) yields (OS,ZPQ(E/) 4+ 2 -z =

2"") are in F,

(bagery — bae (15)

ZPg(y) L (b, v). Therefore,
S, T,
degv( ( p)) : (Z + ZPQ(@)) =v- (z// + ZPQ(['))
> (Z/ + ZPSZ([/ ) degv( (S T P))

So we indeed have £ € M,((S,T,p), f).
(ii) Next, we show that the targe 7(e) of e must
be in F. Indeed, since ¢ € M,((S,T,p),f) and

0,(8,T,p) U A—l(S)C) N My ((S, T, p), f) = 0. we have
¢ ¢ O,(S,T,p) and £ ¢ A~'(S)C. The condition ¢ ¢
A~1(S)C shows A(0) € S, so 7(e) € U;eg(V(I) N A;). The

S,T,
L ¢ O,(S,T,p) shows as + ZPa(y — FPauy = 4 Ty

Therefore,
7(e) —o(e)
= (bae — ba), ar)
= (bage) — bae)s 2Pa(e) — zpaqey +ay ")
= (bp = by, 2Pace) — (bp = by, 2pa)) + (0%, af* 7))
1 (b,v)

by Equations (13) and (14). Since o(¢) € F and F is the
extremal face at direction (b, v), we conclude that 7(e) € F.
We have thus shown that every edge e starting in V(I') N F'
ends in F'. Therefore F' is not accessible.

O

Proposition 4.13. There exists a full-image symmetric face-
accessible I{l-gmph I, if and only if there exists f € My N
(N[X=E]*)", satisfying

(OU U J(S,'T,p)) N M'U (I(S7T,P)7 }) # wa

", (S, T,p) € PC.

Proof. Suppose there exists a full-image symmetric face-
accessible A-graph T". Take the tuple of position polynomials
f of T. Then by Lemma 4.9, we have f € N[X'i]*)t
and f € My. Therefore f € My N (N[X*]*)". Since I
is face-accessible, the tuple f satisfies the condition (4) in
Lemma 4.12 for every partial contraction (S, T, p) € PC. This
is equivalent to f satlsfylng condition (7).

Suppose there exists f € Mz N (N[X*]* )K that satisfies
condition (7). We recover f € My N (N[X*]* )t as a
sub-tuple of f There exists an A-graph I’ whose position
polynomials are f. Since f € Mz N (NX*]* ) , it satisfies
the conditions (i), (ii) and (iii) in Lemma 4.9. Therefore I’
is full-image symmetric and represents 0. Finally, since f
satisfies condition (7), the tuple f satisfies the condition (4)
in Lemma 4.12 for every partial contraction (S, T, p) € PC.
Therefore, I' is face-accessible. ]

(7

for every v € (R™)



Lemma 4.15. There exists an element ;" € /\f/\l%ﬁ (N (X i]*)K
satisfying Property (7), if and only if there exists f € M N
(Rzo[yi}*) satisfying Property (7).

Proof. An element f € My N (N[X j[]*)K satisfying Prop-
erty (7) is obviously an element in M N (Rzo[yi]*)K.
Therefore it suffices to prove the “if” implication.

Suppose we have an element f € M N (Rzo[j(i]*)K

satisfying Property (7). Write f = (fi1,..., fx) where for

i=1,...,K,
fi= Z Ci,b)?b-

beB;

Here, the support B; is a non-empty finite subset of Z", and
ci,p € Ry for all b € B;. Since Property (7) depends only on
the supports By, ..., B, it suffices to show that there exists

F=, . fx) e Mzn (N[)?i}*)K where

fi= Z CipX°
beB;
and ¢; ;, € Zs for all b € B;.

Since f € M, we have f = 7', h; - g; for some
hi,...,hm € R[X*]. For each j € {1,...,m}, write
hj = Yyem, hjpX", where H; is a finite subset of Z".
Then the equation f = Z;’;l hj - g; can be rewritten as
a finite system of linear equations over R, where the left
hand sides are 0 or c;,b € B;,i = 1,...,K, and the
right hand sides are Z-linear combinations of the variables
hjv,j € {1,...,m},b € H; (because the coefficients of g,
are integers for all 7).

Since this system of linear equations is homogeneous and
the coefficients are all in Z, it has a solution h;;, € R,j €
{1,...,m},b € Hj and Cib € R>0,b S BZ,Z = 1,...,K,
if and only if it has a solution with h;;, € Q,c;p € Qso
for all ¢, 7, b. By multiplying all hj,b,fi,b with their common
denominator, we obtain a solution h;, € Z,c;p € Zxo
for all 7,7,b. Then, f; = >, p ¢pX%i=1,...,K and

hj = ZbeHj hj’byb,j = ]., U satisfy f = Z;nzl hj gj

Hence, f = (f1,..., fx) € Mz N (N[Xi]*)K. The element

f satisfies Property (7) since the condition depends only on

the supports By, ..., Bk. O
APPENDIX B

PROOF OF THEOREM 4.7

In this appendix we prove Theorem 4.7. Figure 11 illustrates
the main steps of the proof.

Theorem 4.7. Suppose A is trim and primitive. Let T be a full-
image, symmetric and face-accessible A-graph. Then there
exist 21,...,2m € Z", such that the union of translations
=2, T+ (0% ) is an Eulerian graph.

Our main strategy is to reduce to the case s = 1, which has
already been proved in [14, Theorem 3.3]. Let I' be a full-
image, symmetric and face-accessible .4-graph. Recall that a
directed graph is Eulerian if and only if it is symmetric and

N
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Fig. 11. Proof of Theorem 4.7

connected (for symmetric graphs, strong and weak connec-
tivity are equivalent). Since I' is full-image and symmetric,
any union of translations I' = (J!, T' + (0%, z;) is also full-
image and symmetric when m > 1. Therefore it suffices to
find z1,...,2, € Z™ such that I' = [J2, T + (0%, ;) is
connected.

For an edge e from o(e) to 7(e), we denote by e~ its
inverse, that is, an edge from 7(e) to o(e). Since strong and
weak connectivity are equivalent for symmetric graphs, for
each edge e in I' we add its inverse e~ into I, this will not
change the connectivity of I' or the eventually constructed I'.
Hence, we can suppose without loss of generality that for each
e € E(T") we have added e~ in E(T'), and T is actually an
A*-graph.

For a sequence sequence of polytopes Py, ..
we define their Minkowski sum

- Py © RY,



For simplicity we denote by mP the sum P+ P+ --- + P.
—_—

m times
Since P is convex, mP is also equal to the set {m-p | p € P}.

For each i € {1,..., s}, consider the set of vertices V(I') N
A;: these are the vertices of I" appearing in the lattice A;. The
convex hull of V(I') N A; is a polytope of the form {b;} x C;,
where C; is a polytope in R™.

Consider the Minkowski sum C := C7 +--- + C,. Then C'
is of dimension n since A is primitive and I' is full-image.
Indeed, if C' is of dimension less than n, then C4,...,C are
all contained in the some hyperplane H C R™. The vertices in
A1 reachable by any concatenation of edges will be contained
in H, which contradicts the definition of primitiveness of .A.

Consider the A-graph

1= J T+(0,2).
zeCNL™

Then for each i € {1, ..., s}, the convex hull conv(I'® N A;)
is equal to {b;} x (C + C;).

Lemma B.1. Fix i € {1,...,s}. Let F be a strict face of
C + C; C R™ Then there exists a path in T'C starting in
{b;} x F and ending in {b;} x ((C + C;)\ F).

Proof. See Figure 12 and 13 for an illustration of this proof.
Without loss of generality suppose @ = 1. Let v € (R")”
be such that F is the extremal face of C' + C; at direction
v. That is, F = {x € C 4+ C; | Va2’ € C+ Ci,v-x >
v-x'}. Let F1, Fy, ..., F; be respectively the extremal face of
C1,Cs,...,C; at direction v, then Fy + Fo+- -+ Fs+ F; C
F. Indeed, take z; € F},...,xs € Fs,2541 € F} and any
e C+C, =C,+Cy+---+Cs+ Cy. Write ' =
oy 4l ol witha) € Cp, ... 2, € O, 2l € Ch,
then we have v-x1 > v-2%,...,v 2441 > v-2, ;. Therefore
v-(z14- - +xsq1) > v-2’ forevery ' € C+Cy, which yields
14 -+x541 € F. This shows Fy + Fo+-- -+ Fs+F; C F.

We claim that we can find a sequence of edges eq,...,epr
in E(I") satisfying the following conditions. (See Figure 12
for an illustration.)

(1) 0'(61) S {bl} X Fl.

(ii) For each j = 2,...,M, there exists an index ¢; €
{2,..., s} such that the source vertex o(e;) is in {b;, } x
F;

-
(iii) The indices iy := 1,149,%3,...,%p are distinct.

(iv) For j = 2,..., M, the target vertex 7(e;—1) is in the
lattice A;;.

(v) there exists j € {1,...,M} such that 7(e;_1) is in
{1, } x (Ci; \ Fiy).

(vi) 7(epm) € A4, for some 1 <m < M.

For i,j € {1,...,s}, we write i <> j if there is an edge
in E(T') between {b;} x F; and {b;} x Fj. Let ~ denote the
transitive closure of the relation <. That is, ¢ ~ j if and only
if there exists a sequence of indices I} = 4,l2,13,...,l, =
such that for k = 1,...,p — 1, some edge e, € E(T) starts
in {b;, } x F, and ends in {b;,_,} x Fj,,,.

We perform the following procedure. Let I; be the equiva-
lent class of {1,...,s}/ ~ containing 1. Take a closed halfs-

/\6 >I3

€7 = (313

ey = 812

r 1

ty) = er

Fig. 12. edges e; in the graph I'

eg+ (05,20 + -+ +2g)

es + (05, Zo + 23)

Fig. 13. the concatenated path P in I'C

pace H of R**" such that HNconv(T)NA = ;¢ , {bi} X Fi.
Since the strict face H N conv(I') is accessible, there exists
an edge ey, in I" from (J;c;, ({bi} X F}) to (conv(I) N A)\
Uier, ({bi} x Fi). Since ~ is the transitive closure of «, the
target of e;, must be in {b; } x (C;\ F;) for some j. Otherwise,
T(er,) € {b;} x F} for some j, so j € I; by the definition of
I, contradicting 7(er,) ¢ U;c;, ({bi} X Fi).

If j € I; then we stop the procedure, otherwise we denote
by I, the ~-equivalence class of j and repeat the above
procedure. We stop repeating the procedure when we have
found equivalence classes I, I», . .., I7 and an edge ey,., such
that the target of ey, is in {b;} x (C; \ Fj) for some j € I
with 1 <t <T.

For k = 1,...,T — 1, there exists an edge e;, € E(T)

from | J,., FitoJ C; \ F;). Also, there exists an edge

1€1, i€1k+1(



er, € E() from ;e Fi to Usep, (Ci \ Fi). The vertices
7(er,_,) and o(ey,) are both in (J;c; ({bi} X Fi), so there
exists a distinct sequence of indices iy 1, ..., %%, € Ik, such
that 7(611%1) € {bik.1} X Ek,l’g(elk) € {bik,zk} X Fik,Lk’
and for j = 1,...,l; — 1, there exists an edge e;, ; from
{blk7} X Fik,,j to {bik,j+1} X Fik,j+1'
Thus we get a sequence of edges
o) eil,zl ;€15 e’iz,lu ..

674‘1,17" '761'2)1276127

. 7eiT71"")eiT11,T7eIT) (16)

from the above procedure. We extend this sequence in the
following way. Recall that 7(e7,.) € {b;} x (C;\ F;) for some
j € I; with 1 <t < T.If j already appears among the indices
{it1,..-,0,}, then we do not extend the sequence (16).
Otherwise, since j,i;;, € Iy, there exists a sequence of
indices iry11,.. - 074110, € I¢ \ {it1,...,9,}, such
that 7(er,.) € Fi.,,,, and for j = 1,... lpy1 — 1, there
exists an edge e;,.,, ; from Fy,_, . to F,., .. Furthermore,

there exists an edge Ciriiig,, from F;, ., to Fj with

j € {it1,..-,i1,}. We then extend the sequence (16) with
Cirii1r 1 Cirgripy, and obtain a sequence
Citareees e’i1111 y €Iy Cig gy v €i27l2 y €Ias

“ 9 Cip s Cip s €Irs Cipgg 1y eiT+1,LT+1 Y

We rename this sequence of edges as ey, . . ., €,,, and verify
it satisfies the conditions (i)-(vi) listed at the beginning of this
proof. The conditions (i), (i), (iii), (iv) directly follow from the
construction of the sequence (17). For condition (v) it suffices
to note that the edge ey, defined in the construction has target
in (conv(I') N A) \ Uz, ({bi} x Fi). For (vi) it suffices to
note that the last edge e;,. i in the sequence has target in
F; with j € {iz1,...,4¢,,}: in other words the index j has
appeared earlier in the sequence.

By renaming the lattices Ay, ..., Ay, we can suppose with-
out loss of generality that o(e;) € A; for i = 1,2,..., M,
and 7(e,,) € Ay,. In other words, the indices 41,...,ip in
conditions (i)-(vi) can respectively be assumed to be exactly
1,...,m.

Notice that by applying a suitable linear transformation
in SL(s + n,Z) to T and Z*™", we can translate A; by
any vector in {0}° x Z", without moving A;,j # . This
translates the set C; by the same vector, and therefore also
translates C' by a vector in {0}° x Z". Therefore, the effect
of this transformation on I'C is an affine transformation (a
linear transformation plus a translation) that stabilizes A, and
does not change the properties we are interested in for I'C.
Therefore we can without loss of generality suppose that
o(e;) = by x 0™ i = 1,...,M, and b; x 0" € F; for
i=M+1,...,s. In particular, 0" € C; for all 1 <i < s.

For each i = 2,..., M, let z; € Z™ be such that 7(e;—1) =
(0%, z;)+o(e;). Since o(e;) = b;x0™ and 7(e;_1) € {b;} xC;,
we have z; € C;. Recall that for an edge e we denote by e~
its inverse. Denote by P the concatenation of edges

e, ez + (OS7Z2),63 + (OSaZQ + Z3)7 EERE

em+ (0%, 20 + 234+ -+ 2n),
1+ (0%, 20+ + 2o+ 2 + - + 20m),
coer (0% zm -+ 20).

We claim that P is a path in I'C, and furthermore it starts in
{b1} x F and ends in {b1} x ((C + C1) \ F).

Recall that o(e;) € {b1} x Fy by (i). Since F; = F; +
{0"}+---+{0"} C Fy+ Fo+ -+ Fs+F, = F, we indeed
have o(ey) € {b1} x F. Since z; € C; foreach i =2,...,m
and 0" € C;, we have 29 +---+ 2z, € Cforall 2 < i< M
and 2o+ +z;+zm+--+zpy e Cforalll <i<m-—1.
Therefore, each edge e; + (0%, 29+ -+ 2;) €e; +{0°} x C
and each edge e; + (0%, 20 + -+ 2z + 2 + -+ 2Mm) €
e; +{0°}xC,isinTY =3 _ ;. T+(0°, z). Consequently,
every edge in P belongs to I'C. We now show it ends in
{bi} x ((C+Cy)\ F).

It suffices to show that z,, + - - - + 27 is not orthogonal to
v. Indeed, each edge e;,7 = 1,..., M starts in F;, meaning
v-z; = (0%,v)-(o(e;) —7(e;—1)) > 0. Furthermore, condition
(v) shows there exists j € {1,..., M} such that 7(e;_q) €
{bi;} x (Ci, \ F;,), meaning v - z; is strictly positive. We
therefore conclude that P is a path in I'C starting in {b;} x F
and ending in {61} x ((C' + C1) \ F). O

We now without loss of generality replace I' with I'C this
does not change the fact that I' is full-image and symmetric.
Thus by Lemma B.1, the new I' satisfies the following
property: for each ¢ € {1,..., s}, and each strict face {b;} x F
of the convex hull conv(I'NA;), there exists a path in T starting
in {b;} x F' and ending in conv(I'NA;)\ F. Furthermore, each
conv(I' N A;) is of dimension n.

Now, the convex hull of V(I') N A; is a polytope of the
form {b;} x C;, where C; is a polytope in R™. This time,
each C; is of dimension n. Consider the Minkowski sum C' :=
Ci+---+Cs.

For each N € N, define

>

zeNCNZ™

rve T+ (0%, 2).

We will show that there exists N such that TV is connected.
Fix ¢ € {1,...,s}, consider the (undirected) graph I'()
over Z", defined as follows. The set of vertices of I'(:) is
{veZ"| (b,v) e V(I')NA;}. Two vertices v, v in I'(¢) are
connected by an edge if v and v’ are connected by a path in
. Then by Lemma B.1, the graph I'(7) satisfies the following
property: for each strict face F' of conv(I'(7)) there exists an
edge with source in F' and target outside F'. This is exactly
the definition of face-accessibility as in [14, Section 3.1].
Define

LN =D% = (] T@)+z2

z€(N-1)C;

then conv(I'(4)(N=1C) = (N - 1)C; + C; = NC;. For ¢ €
R™ R € (0,1),S C R"™, define

scale(S,¢,R) ={c+R-(x—c) |z € S}.



Intuitively, scale(S,c, R) is the scaling of the set S with
proportion R, and c is the invariant point of the scaling.

Lemma B.2 ([14, Lemma 4.6]). Let ¢y € Q™ be an interior
point of C;. There exists N; € N, R € (0, 1), such that if N >
0 is divisible by N;, then every vertex in the graph T'(i)(N =1
is connected by a path to some vertex in scale(NC;, Ncg, R).”

See Figure 14 for an illustration of Lemma B.2.

NC; = conv (r(1)™N-2<)

Fig. 14. Tllustration of Lemma B.2 with n = 2, s = 1.

NC
R
—~ v
y+ NCl

0

Fig. 15. Illustration for Lemma B.3, projected on Z™. Here, n = 2,5 =
2,1=1.

Denote by d; € Z",j = 1,...,n the natural basis of Z",
that is, d; is the vector with 1 on the j-th coordinate and
0 elsewhere. Since A is primitive and I' is full-image, for
each d;,j = 1,...,n, there exists a concatenation ()1; of
({0}® x Z™)-translations of edges in I" that goes from (by,0™)
to (b1,d;). (Recall that for each e € E(I') we have added
e~ € E(I').)Fori =1,...,s, by additionally appending paths
to and from A;, we obtain a concatenation );; of ({0}° xZ")-
translations of edges in I' that goes from (b;,0") to (b;,d;).

"Note that by taking T' in [14, Section 4] to be the graph T'(4) defined
here and by taking C to be C;, the graph I'y defined in [14, Section 4]
corresponds to the graph F(i)<N —1C defined above. This is because the
set Sy == {2z € Z™ | z+ C C NC} defined in the beginning of [14,
Section 4] corresponds exactly to Z"™ N (N —1)C;. Indeed, using the notation
of [14, Section 4], we have (N —1)C' + C = NC,s0 (N —-1)C C {z €
R™ | z+ C C NC}. On the other hand, take v ¢ (N — 1)C, taking a
linear transformation we can suppose v = 0™, then v + C = C ¢ NC
because the distance from NC to 0™ is strictly larger than the distance from
C to 0™. Therefore v € {z € R® | z+ C C NC}. We conclude that
ZI"N(N-1)C=72"N{z€eR" |2+ C C NC} = Sn.

More precisely, for every ¢ € {1,...,s},5 € {1,...,n},
there exist edges ejg,...,e, in I, satisfying the following

properties.
(i) oler),7(em) € A;.
(ii) For k = 2,...,m, both 7(ei_1) and o(ex) are in some

same lattice A;, . In particular, both 7(ey_1) and o(ey)
belong to {b;, } x Cy,. Write 7(ex—1) —o(ex) = (0%, z)
with z, € Z™.

(iii) The concatenation of ej,es + (0%, 22),e3 + (0%, 20 +
23)y---yem+ (0% 294 -+ 2,,) is a path from o(e;) to
o(e1) + (0°,d;). We denote by @;; this concatenation.

(iv) We additionally define the value D;; := max{||z2]|, || 22+
2:3”, ceey ||2’2 —+ -+ ZmH} € RZQ.

For two sets S,S" C R", define their distance as
dist(S,5") == inf,es27cs || —2'||. For a set S C R™, define
its diameter as diam(S) = sup, ,/cg |7 — 2'||. Denote

{Di} +vn+ Jmoax {diam(C;)}.

D = max
1<i<s,1<j<n

Il R

Lemma B.3. There exists an integer N € N such that in the
graph TN, for every i € {1,...,s}, every vertex (b;,v) €
V(ITNC N A;) is connected to some other vertex (b;,v') €
V(TNCNA;) that is of distance at least D from the boundary
of conv(TNC N A;).

Proof. See Figure 15 for an illustration of the proof. Let
N;,i=1,...,s, be as defined in Lemma B.2. Let N be a large
enough multiple of Ny Ny --- N, such that the distance be-
tween scale(NC;, Ncg, R) and the boundary of C; is at least
D. Let (b;, v) be a vertex of [N¢NA,, it appears in some trans-
lated graph '+ (0%, z) with z € NC. Then, (b;,v—2z) € V(T').
Since z € NC, there exists some translation y + (N —1)C; of
(N—1)C; such that z € y+(N—1)C; C NC. By Lemma B.2,
(bi,v) is connected in y + T'(i)(N~1C  and hence also in
I'NC to some vertex (b;,v') in y + scale(NC;, Ncg, R).
Since v’ is of distance at least D from the boundary of
(bi,y) + NC;, it is also of distance at least D from the
boundary of conv(I'V¢ N A;) = NC + (b;,0") + C; D

Lemma B.4 (Generalization of [14, Lemma 4.7]). Two ver-
tices (bi,v1), (bi,v2) € V(N N A;) of distance at least D
from the boundary of conv(T'NC N A;) are connected in TNC.

Proof. Upon applying a transformation in SL(s+n,Z) toT' C
75+, we now without loss of generality suppose 0" € C; for
all <.

For two points x, 2’ € R", define the segment seg(z,z’) =
{ra+(1-r)z’ | r €[0,1]} C R™. Since (b;, v1), (b, v2) € Ay,
are of distance at least D from the boundary of conv(I'V¢ N
A;)) C {b;} x (NC + C;), they are of distance at least
D — diam(C;) > max; j{D;;} + /n from the boundary of
{b;} x NC. Hence, every point in the segment seg(v1, va) is
of distance at least max; ;{D;;} + v/n from the boundary of
NC.

There exists a path Pzn(v1,v2) in the lattice A; from
(bi,v1) to (b;,v2), consisting of translations of the segments
{b;} x seg(0™,dy),k = 1,...,n, such that each point in



Pyn(vy,v9) is of distance at most y/n from the segment
{b;} x seg(v1,va). For k =1,...,n, replacing each segment
{bi} x (z + seg(0™,dy)) in Pzn(v1,v2) by the translation
Qi + (0™, 2) of the path Q;x, we obtain a path Pr(vy,vs).
We now show that each edge of Pr(vy,vs) is in E(I'NC).
By definition of the concatenation ();x, Each edge in
Qi1 + (0™, z) appears in a translation I + (0™, z + 2’) of the
graph T satisfying ||2|| < D;j. Since (b;, z) is of distance
at most y/n from the segment {b;} x seg(v1,v2), and every
point in the segment {b;} x seg(vy, v2) is of distance at least
max; j{D;;} + /n from the boundary of {b;} x NC, we
conclude that (b;, z) is of distance at least max; ;{D;;} from
the boundary of {b;} x NC'. Therefore, (b;, z+2") is within the
boundary of {b;} x NC because ||2'|| < max{D;;}. In other
words, z + 2z’ € NC, the translation T + (0", z + 2’) appears
as a subgraph of T'VC. This shows that the path Pr(vy,vs)
connecting v; and v, is a subgraph of T'VC, O

Proof of Theorem 4.7. See Figure 11 for an illustration of
the proof. Let NV be the integer defined in Lemma B.3,
we show that I' = I'N¢ = % o T + (0%2) is
connected. First we show that for any ¢ € {1,...,s}, every
two vertices (b;,v), (b;, w) in TNCNA; are connected. Indeed,
by Lemma B.3, (b;,v) and (b;, w) are respectively connected
to vertices (b;,v"), (b;,w’), which are of distance at least D
from the boundary of conv(I'V¢NA;). By Lemma B.4, (b;, v')
and (b;,w’) are connected in T'NC. Therefore, (b;,v) and
(b;, w) are connected in ['NC,

This shows that for any i € {1, ..., s}, all vertices in TV¢N
A; lie in the same connected component of T'V¢. Since the
A-graph I'N¢ is full-image and the automaton A is trim, the
different lattices V¢ N A; connected to each other by edges
in V¢ form a single connected component. Therefore I'N¢
is connected. Since TV is also symmetric, it is Eulerian. [

APPENDIX C
PROOF OF THEOREM 4.14

In this section of the appendix we prove Theorem 4.14:

Theorem 4.14. Denote A = R[X*] At = R>o[X*]*. Fix
n € N and let = be a finite set of indices. Suppose we are
given as input a set of generators g,,...,g,, € AKX with
integer coefficients, the vectors ay,...,ax € Z", as well as
subsets I, Je C {1,..., K} for each & € E. Denote by M
be the A-submodule of A generated by g,,...,g,,. It is
decidable whether there exists f € M N (A+)K satisfying

(Opy UJe) N My(Ie, f) #0,  for every v e (R")",£ € E.
®)
Here, if n = 0 then A is understood as R, and Property (8)

is considered trivially true.

Our proof strictly follows the proof of [14, Theorem 3.9]
provided in [14, Sections 5-6]. We recall [14, Theorem 3.9]
for comparison:

Thgorem C.1 ([lil, Theorem 3.9]). Denote A =
R[X*],AT = Rxo[XE]*. Fix n € N. Suppose we are given

as input a set of generators g, ...,g,, € AKX with integer
coefficients, as well as the vectors ay,...,ax € Z" and two
subsets I, J of {1,..., K}. Denote by M be the A-submodule
of AKX generated by g, ...,g,,. It is decidable whether there
exists f € MN(AT)" satisfying

(0w UJ) N My (I, f) # 0,

Here, if n = 0 then A is understood as R, and Property (18)
is considered trivially true.

for every v € (R™)*. (18)

We need to add the quantifier “for all £ € = in appropriate
places of the proof and modify a few definitions and lemmas
accordingly.

A. Local-global principle

Given f € A and v € (R™)", the initial polynomial of f is
defined as the sum of all monomials in f having the maximal
degree deg,(+):

: o b _ b
in,(f) = Zdeg,,()?b):degv(f) X", where f = ZcbX :

For f = (f1,..., fx) € AKX, we naturally denote in,(f) =

(iny,(f1),...,in,(fr)) € AE,
In this subsection we prove the following local-global
principle:

Theorem C.2 (Generalization of [14, Theorem 3.8]). Let M
be an A-submodule of A% and I¢, Je, & € B be subsets of
{1,...,K}. There exists f € M N (A+)K satisfying

(Oy UJe) N My(Ie, f) #0,  for every v e (R")" £ €E
19
if and only if the two following conditions are satisfied: "
1. (LocR): For every r € RY,, there exists f,. € M such
that f,(r) € RE,,.
2. (LocInf): For every v € (R™)", there exists f, € M,
a) in, (f,) € (AH)".
b) Denote I} == M,(I¢, f,), J¢ = O, U Je. We have

(0w U JE) N My (Ig,iny(f,)) # 0

for every w € (R")" £ € =

(20)

Define the quotient D,, := (R™)" /R+. That is, elements of
D,, are of the form vR~q,v € (R™)", where vR~g = v'R+
if and only if v = r - v’ for some r € R~(. The quotient D,,
can be identified with the unit sphere of dimension n since
every vR~ is equal to exactly one v'Rsq with [|v/|| = 1. We
equip D,, with the standard topology of the unit sphere. Note
that in,(-), M, (-) and O, are invariant when scaling v by any
positive real number.

Lemma C.3 ([14, Theorem 5.1]). Fix v € (R™)", a set I C
{1,...,K} and f € AX. There exists an open neighbourhood
U C D,, of vRwy, such that for every w € (R™)" with (v +
w)Rsg € U, we have

inv—HU (f) = inw (lnv(f)) )
Mv-l—w(lﬁv .f) = Mw(Mv(I€7 f)7 il’lv(f)),



and Oy = Oy U Oy,. 21

With Lemma C.3 we can prove the “only if” part of
Theorem C.2:

Proof of “only if” part of Theorem C.2. Suppose f € M N
(A*)K satisfies Property (19). To show (LocR), simply take
£, = f for all r € R, then f(r) € RE,. As for (LocInf),
for every v € (R™)" we show that f, := f satisfies Properties
(LocInf)(a) and (b). Property (LocInf)(a) is satisfied by the
definition of f. We now show Property (LocInf)(b). Take any
we (R")" and € € E.

When w € vRs(, we have O, U Jé =0,U0,UJe =
0, U J¢ and

Mw(Iglvinv(f)) = Mw(MU(I& f)vinv(.f))
= Mv(Mv(I£7 f)a lnv(f)) = MU(I§7 f)?
so Property (LocInf)(b) is equivalent to (O, UJs) N

M,(I¢, f) # 0. This is exactly the Property (19) satisfied
by f.

When w ¢ vRs, let U C D,, be the open neighbourhood
of vR+ defined in Lemma C.3. Scaling w by a small enough
positive real we can suppose (v + w)Rsq € U. We have

iy (f) = iny (iny (),
Mv+u)(I€7 f) = Mw(Iévinﬂ(f))ﬂ

and Oy iy = Oy U O,,.
where I. = M,(I¢, f). Therefore (Optyp UJe) N
Myiw(Ie, £) = (0 UO,UJg) N My(I,in(f)) =

(Ow U Jé) N My (I, in, (f)). Since f satisfies Property (19),
we have (Oytyy, U Je) N Myt (Ie, f) # 0. Therefore we also
have (0,,, U Jé) MM, (I}, in,(f)) # 0 forallw ¢ vRso. O

We now start working towards proving the “if” part of
Theorem C.2. The main idea is a “gluing” procedure. The
following lemma is the foundation of this gluing argument. It
shows the “continuity” of the property (LocInf) when changing
the direction v by a small amount.

Lemma C.4 (Generalization of [14, Lemma 5.2]). Suppose
v € (R")" and f, € M satisfy properties (Loclnf)(a) and
(b) of Theorem C.2. Then there exists an open neighbourhood
U, C D,, of vRsq such that for every v'"Rsq € U,,& € E,
(i) iy (f,) € (A",

(ii) (Ov/ U Jg) N Mv/(Ig,fv) 7& 0.
Proof. We use Lemma C.3 on v, and f, to obtain an
open neighbourhood U, C D, of vRso, where for all
(v+w)Rso € Uy ¢ we have

iyt (fy,) = iy (in,(f,)) 5

Mv+w(I§7 fv) = Mw(MU(I§7 fv)a inv(fv))a

and Oy = Oy U Oy.

Note that in,(f,) € (A+)K by Property (LocInf)(a) of

f,- Take U, = ﬂseE v, Since taking the initial poly-
nomial of any polynomial in AT yields an element of AT,

we have iy, (f,) = ing(ing(f,)) € (AT)X. Fur-
thermore, (Oyyw U Je) N Myi(Ie, f,) = (Ow U Jé) N
M, (If,in,(f,)), which is non-empty by Property (LocInf)(b)
of f,. Therefore, both (i) and (ii) are satisfied for v'Rs( €
Uy. O

The following lemma shows that one can “glue” all different
fu,v € (R™)" together to obtain a single f that has positive
initial polynomial at every direction v € (R™)".

Lemma C.5 (Generalization of [14, Lemma 5.3]). Suppose
Condition (LocInf) of Theorem C.2 is satisfied. Then there
exists f € M that satisfies

(i) in, (f) € (AN for all v € (R™)".

(ii) (Oy U Je) N My(I¢, f) # 0 for all v € (R*)" € € E.

Proof. The exact same proof as [14, Lemma 5.3] works, we
only need to replace the usage of [14, Lemma 5.2] by the
usage of Lemma C.4. O

Denote by f ., the element f € M obtained in Lemma C.5.
Since in, (f.) € (AT)™ forall v € (R™)", there exists ¢ > 1
such that f_(z) € RE for all z € RZ \ [1/c,c|". Define
the compact set

C = [1/(4nc),4nc]™ D [1/c, ™.

Lemma C.6 ([14, Lemma 5.4]). Let M be an A-submodule
of AK and C C R, be a compact set. Suppose for all r € C
there exists f, € M with f.(r) € RE,. Then there exists
f € M such that f(z) € RY for all xz € C.

Denote by f the element f € M obtained in Lemma C.6.

Lemma C.7 ([14, Corollary 5.6]). Let f € AK. There exists
g € AT such that gf € (A*)K if and only if the two following
conditions are satisfied:
(i) For all r € RZ, we have f(r) € RE.
(ii) For all v € (R™)" and r € RZ,, we have in,(f)(r) €
K

RE,,

We are now ready to prove the “if” part of Theorem C.2
by “gluing” together the elements f_,f- € M obtained
respectively in Lemma C.5 and C.6.

Proof of “if” part of Theorem C.2. Let f_, fo € M be the
elements obtained respectively in Lemma C.5 and C.6. Define
the polynomial

n

1
=— ) (X;+XHeAT.
e 2 Xi+Xi) €

i=1

q:

It is easy to see that we have deg, (q) > 0 for all w €
(R™)*. By the compactness of the unit sphere, the value
min )= deg,,(¢) exists and is a positive number.

Let € > 0 be such that

€ foo(r) + fola) € R,

for all z € C. Such an € exists by the compactness of C.
We claim that there exists N € N such that the vector f =

(22)



eqV- f oo+ f ¢ satisfies Conditions (i) and (ii) in Corollary C.7
simultaneously.

Let M € N be such that deg,(fs, Z) + M -
ming (=1 deg,,(q) > deg,(fc,) for all v € (R™)",[|v|| =1
and ¢+ = 1,..., K. Such an M exists by the compactness
of the unit sphere and because minj,,—1 deg,,(¢) > 0. Let
g=eq™ f+ fo. Then forallve (R")",i=1,...,K,
we have deg,(e¢" - fooi) = M - deg,(q) + deg,(fo i) >
deg, (fc.i). Therefore in,(g) = in,(e¢™ - f..) € (A"’)k for
all v € (R™)". Therefore, there exists another compact set

[1/d,d]™ D C such that g(xz) € RE; for all x € RZ; \
[1/d,d]™. Since [1/d,d]™ D C = [1/(4nc),4nc]™, we have

d > 4nc. Since the set [1/d,d]™\ (1/(4nc), 4nc)™ is compact
and f.(z) € RE for all z € [1/d,d]™ \ (1/(4nc),4nc)",
there exists N > M such that

€fooi(x) - 2N 4 foi(x) >0 (23)

for all x € [1/d,d]™ \ (1/(4nc),4nc)™ and all i = 1,..., K.

We prove that for this N, the element f = ¢ - f + f sat-

isfies Conditions (i) and (ii) in Corollary C.7 simultaneously
Fix anyz'e{l ,K}. For every x € RZ\ [1/d,d]",

have ¢(z )>—>1andfoo7z( ) >0, s0

2nc —

fi(z) = eq(@)N - foo,i(z) + foui(®)

> eq(a)™ - fooi(2) + foi(x) = gi(x) > 0.
For every x € [1/d,d]™ \ C = [1/d,d]™ \ [1/(4nc), 4nc]™,
we have x;; > 4nc for at least one i’ € {1,...,K}. Since
foo,i(x) > 0 by the definition of C, we have
AN
B "\ xj+
fi(z) = efoi(@) ; e + fe.i(z)

> €foo,i(r) -2V + foi(x) >0
by >0 (x5 + zj_l) > x; > 4nc and Inequality (23).
For every z € C'\ [1/¢, ],
filx) = eq(@)" - fooi(@) + fei(z) >0

since fooi(x) > 0 for all z & [1/c,c]™ and fc;(z) > 0 for
all z € C.
For every = € [1/¢, c|™,

N

n —1
Tj+ T,
2 | Fled®
j=1
> min{efoo i (2),0} + foi(x) > 0.
The last inequality is due to fc;(z) > 0 and Inequality (22).
The second to last inequality can be justified as follows. If

n zitx] ! N
foo,i(z) > 0 then foo i(z) - (Zi:l T ) > 0, other-
. n xita]! N n o 2¢\N _
wise (Z:i:l 2nc ) S (Zizl 2nc) = 150 foo,z(m) ’

n zi-i-:v;l N
(Zi=1 2nce Z foo,z(x)

Therefore, for every x € RZ,, we have f;(z) > 0.
In other words, f satisfies Conditions (i) in Corollary C.7.

fz(ﬂﬁ) = 6foo,z‘($) :

Furthermore, since N > M we have deg,(qV - fooi)
deg,(fc;) for i = ., K,v € (R")". Hence in,(f)
inv(a] foo) € (A ) and M, (Ifaf) = M, (Iﬁvf ) for
all v € (R")" € € Z. Therefore, f satisfies Conditions (ii) in
Corollary C.7.

Therefore, by Lemma C.7, we can find ¢ € AT such
that gf € (A*)K. We have at the same time gf € M as
well as (O, U Jg) N Mv(Ig,gf) (O, U Jg) N M, (I§ )=
(Oy U Je) N My(Ie, fo) # 0 for all v € (R?)",¢ € E.
We have thus found the required element gf € M N (A+)"
satisfying Property (19). O

v

B. Decidability of local conditions

This subsection is dedicated to the proof of Theorem 4.14.
By the local-global principle (Theorem C.2), this amounts to
showing decidability of the two “local” Conditions (LocR) and
(LocInf).

Decidability of the Condition (LocR) is the same as in [14],
which uses Tarski’s theorem [40].

Proposition C.8 ([14, Proposition 6.2]). Given the generators
gis---,9., for M, it is decidable whether Condition (LocR)
of Theorem C.2 is satisfied.

We now focus on deciding the Condition (LocInf).

From (LocInf) to shifted initials (LocInfShift).: First,
we introduce the shifted initials, in order to replace Condi-
tion (LocInf) of Theorem C.2 with a new Condition (LocInf-
Shift).

Suppose we are given f € AKX, v € (R")" and
a = (a1,...,ag) € RE. Then define the shifted initials

ing o(f) = (ny,a(f1,...,i0,a(F)x), where in, o(f); is
defined as

inv(fi)
0

Lemma C.9 ([14, Lemma 6.3]). Let f € A® and v € (R™)".
We have in,(f) € (A+)K if and only if there exists o € R
such that in, o(f) € (AT)X. Furthermore,

if deg,(fi) + i = maxi<y<i{deg,(fi) + i},
if degu(fl) +a; < maxlgi/SK{degv(fi/) + Oéi/}.

in this case,

in,(f) = inyo(f) and a1 + deg,(f1) = -+ = ax +
degv(fK)
Given v = (vy,...,v,) € (R™)", define the following set

of real numbers:

n n
Z Zvy, = Z 2kVk
k=1 k=1

Then for every f € A, we have deg, (f)

21,.-.,Z7L€Z}.

S ZZ:l Loy,
Proposition C.10 (Generalization fof [14, Proposition 6.4]).
Condition (LocInf) of Theorem C.2 is equivalent to the fol-
lowing:
2. (LocInfShift): For every v € (R™)",
as well as a € (Y ;_, Zvy)
properties:

a) ing o (f) €

there exists f € M
satisfying the following

(A",



b) For every { € E, denote I; = {i € I
ming ez, g}, Jé =0y U Je. We have

(Ou UJE) N My (I inya(£)) # 0

for every w € (R™)* £ € =

| @i =

Proof. (LocInf) — (LocInfShift). Suppose Condition
(LocInf) of Theorem C.2 is true. Fix a vector v € (R")".
Then there exists f € M, such that in,, (f) € (A*)K satisfies
Property (LocInf)(b). As in Lemma C.9, we can let o; =
—deg,(fi) for i = 1,..., K, then in, o (f) = in, (f) €
(A+)K, satisfying (LocInfShift)(a). Furthermore, we have a €
(X0, Zug)™ by the definition of o; = — deg, (f;). Finally,
for every £ € Z, we have {i € Iz | o = minyey, ap} =
{i € I¢ | deg,(fi) = maxyer, deg,(fi)} = My(Ig, f), so
(LocInf)(b) implies (LocInfShift)(b).

(LocInfShift) —> (LocInf). Suppose Condition (Loclnf-
Shift) is true. Fix a vector v € (R™)". Then there exists
F € M as well as a € (R™)", such that in, o (f) € (AHX
satisfies Property (LocInfShift)(b). By Lemma C.9, we have
in, (f) = ingo(f) € (AT)X, and a; + deg,(f1) =

- = ak + deg,(fxk). Therefore for every £ € Z, we have
{i € It | & = minyer, ai} = {i € I | deg,(fi) =
ming e, deg, (fir)} = My(Ig, f), so (LocInfShift)(b) implies
(LocInf)(b). O]

Dimension reduction: a special case.: We will further
reduce Condition (LocInfShift) to a Condition (LocInfD)
(which will be defined in Proposition C.16). We first consider
the special case where the vector v € (R")" in Condi-
tion (LocInfShift) is of the form (0,...,0,v441,...,0n),
where vgy1,...,v, € R are Q-linearly independent.

As in [14, Definition 6.5], we now define the super Grobner
basis of an A-module M. Let v € (R")",a € R¥. Define
iny (M) to be the A-module generated by the elements

ing o(f), f € M:

iIlv,a(M) = Z A- inv,a(f) =

q
ijlnv,(X(f]) q6N7p17"'pq€Aaf17"'afqEM
j=1

Definition C.11 (Super Grobner basis [14, Definition 6.5]).
A set of generators g,,...,g,, for M is called a super
Grébner basis if for all v € (R")",a € RX, the set
{iny o(g91),---,inp4(g,,)} generates in, ,(M) as an A-
module.

Lemma C.12 ([14, Lemma 6.6]). Suppose we are given an
arbitrary set of generators for a module M. Then a super
Grobner basis of M is effectively computable.

Furthermore, if the given generators for M contain only
polynomials with integer coefficients, then Lemma C.12 com-
putes a super Grobner basis containing only polynomials with
integer coefficients.

"n—1and vgyq,..

Let 0 < d < n —1 be an integer. From now on we denote
Ag=R[XT,...,X7], A} =Rso[XT,...,XT]".

In particular, Ag = R, Al = Ry.

We now consider the vectors v € (R"™)* with the spe-
cial form (0,...,0,v441,...,0,) Where vgi1,...,v, are Q-
linearly independent.

Lemma C.13 ([14, Lemma 6.7]). Let g4, ...
Grobner basis of M.

Let v =(0,...,0,0441,.--,0,) € (R")* be such that 0 <
d<n-—1and vgq1,...,v, are Q-linearly independent. Let
a € RE. Then there exists b; € {0} xZ"~ and c; € {0} x
7" such that X% X ¢ invya(gj)i eAgfori=1,..., K and
7 =1,...,m. See [14, Figure 27] for an illustration.

,9,, be a super

Suppose v € (R™)* satisfies v = (0,...,0,v441,.-.,0p)
with vgyq,...,v, being Q-linearly independent. Let o €
RE. For each j = 1,...,m, define inia(gj) =
(ing,a(gj)la . '7ing,a(gj)K) where

in? (g;)i = X"X%in,alg,)i € Aa, i=1,...,K.

Here, b; and c; are defined as in Lemma C.13. Note that the
vectors b;,¢; € {0}% x Z"~? are not necessarily uniquely
determined. However, when d, v,  are fixed, the polynomials
inia(gj),; are uniquely determined by g, ..., g,,. In fact, by
Lemma C.13 each inma(gj)i can be uniquely written as X*-p
for some X° € R[Xdi_ﬂ, .., X* and p € R[Xf[, . ,Xj[].
Therefore ingya (g;)i is uniquely determined as the polynomial
p in the decomposition.
Define by ingva(/\/l) the Ag-module generated by

in? ,(g1),...,ind o(g,,) € AK:

ing (M) =) Aq-ing 4(g,)
j=1

m
= ij'ing,a(gj) P1,---Pm € Ag
=1

Lemma C.14 ([14, Lemma 6.9]). Let g4, ...
Grobner basis of M.

Let v = (0,...,0,0441,...,0,) be such that 0 < d <
., U, are Q-linearly independent. Let o €
(X hdin ka)K. Fix § € E. Denote I = {i € I¢ | o =
minger, ai/},Jg’ = O, U J. Denote by mq: Z" — 7 the
projection onto the first d coordinates. For every u € (R?)¥,
define O, = {i € {1,...,K} | mg(a;) £ u}. Then the two
following conditions are equivalent:

(i) (Condition in (LocInfShift)): There exists f € M such

that in, o (f) € (AT and

(Ow U JE) N My (I, ing o (f) # 0 for all w e (R™)".
24
(ii) We have J{ N I{ # ), and there exists fie ingya M)n
(A;)K, such that
(0, UTY) N M (I, f) # 0 for every u € (RY)*.
(25)

,9,, be a super



When d = 0, Property (25) is considered trivially true.

Dimension reduction: the general case.: Having consid-
ered the special case where the vector v € (R™)* in Con-
dition (LocInfShift) is of the form (0,...,0,v441,-..,Vn),
we now consider the general case. The key idea when dealing
with the general case of v € (R™)" is the following coordinate
change.

Given a matrix A = (a;j)1<i j<n € GL(n,Z), define the
new variables X{,..., X/ where X] := X[ X5 .. X%n,
Then

RIX1,..., X, =R[X),..., X!

nl:

In other words, we can define the ring automorphism
va A=A X, XTX52. . X0

such that p(X?) = X®4. The automorphism ¢, extends
entry-wise to AKX — AKX,

For each A € GL(n,Z), denote by A~T the inverse
of its transpose. Then (vA~T) - (bA) = v - b for all
v € (R")",b € Z". Hence, for any f € A, we have
inga-7(pa(f)) = @a(ing(f)), and for any f € AK ¢ € =,
we have M,(I¢, f) = Mya-7(I¢, pa(f)). Furthermore, if
we replace the vectors ap,...,ax € Z™ by the vectors
@A, ..., ax A € Z", then the set O, becomes O, 4-7. It is
easy to verify that if g,,...,g,, is a super Grobner basis for
M, then ©4(g,),...,04(g,,) is still a super Grobner basis
for pa(M) = {pa(f) | f € M}

Let v € (R")" and let A € GL(n,Z) be such that
vA=T =(0,...,0,v441,...,v,) Where vgi1,...,v, are Q-
linearly independent. Then as in the previous section we define
the module in? A-T .o (9a(M)) to be the module generated by
47 o(Pa(91)), - g4 7 o (04(gm))-

The above observation shows the following. Fix v € (R™)*
in (LocInfShift) of Theorem C.2. Given any change of coor-
dinates A € GL(n,Z), we can simultaneously (right-)multiply
A=T to v and A to all ay,...,ax, while applying ¢4 to
the super Grobner basis g, ...,g,, of M. Then the original
properties (LocInfShift)(a)(b) are satisfied by f if and only if
they are satisfied by wa(f) after the change of coordinates.
We will use this observation to reduce the general case for v
to the special case considered in the previous subsection.

Fact C.15 ([14, Fact 6.10]). For every v € (R™)", there exists
A € GL(n,Z) such that vA=T = (0,...,0,0441,...,Vn)
with vg41,...,v, being Q-linearly independent.

Proposition C.16 (Generalization of [14, Proposition 6.11]).
Condition (LocInfShift) of Proposition C.10 is equivalent to
the following:

2. (LocInfD): For every v € (R™")*, A € GL(n,Z), such
that vA~—T = (0,...,0,0441,...,v,), 0 < d <n—1
With vgi1, . . ., v, being Q-linearly independent, there ex-
. n K .
ist o € (Y p_yy1 Zvg)  and fte lngA—T,a(@A(M))
satisfying the following properties:

(@) fle (A"

(b1) For each § € E, denote I} = {i € I | a; =
ming ez, g}, Jé = (0, U Jg). We have

JENIE# 0 forall € € E. (26)

(Note that this property depends only on v and o, but
not on fd. )

(b2) Denote by mq = Z" — 7% the projection onto the
first d coordinates. For u € (R%)*, define O!, = {i €
{1,..., K} | mq(a; A) £ u}, we have

(0, UJ) N My(IL, f7) # 0

for every u € (RY)*, ¢ € =
As in Lemma C.14, Property (27) is considered trivially true
when d = 0.

27)

Proof. Fix a v = (v1,...,v,) € (R™)". Take any
A € GL(n,Z) with vA~T = (0,...,0,0),,...,0},)
such that v}, ,,...,v;, are Q-linearly independent. Note
that Y7 Zvp = . _y.q Zvj, because A € GL(n,Z).
Therefore, we can apply Lemma C.14 to the super
Grobner basis ©a(g,),--.,¢4(g,,), the vector vA~T =
(0,...,0,v 1,...,v;,) and the vectors a1 4,...,ax A € Z".
Lemma C.14 shows that there exist o« € (Zzzdﬂ Zv,’C)K
and £’ €inl, - (pa(M)) satisfying (LocInfD)(a)(b1)(b2)
if and only if there exists @ € (D} _, Zvg)™ and f € M
satisfying (LocInfShift)(a)(b). O

Computing cells (LocInfCell).: We further reduce the
Condition (LocInfD) to a Condition (LocInfCell) which con-
sists of verifying a finite number of v € (R")" for each
coordinate-change matrix A € GL(n,Z).

Let v € (R")",a € RE. Denote by ey,...,ex the
canonical basis of the A-module AX. We introduce the new
variables 771, ..., Tk and define an A-module homomorphism

o AR S RIXFE, . XETE L TE], Xve — XU

We have @(iny o (f)) = ing o) (¢(f)) for every f € AK.

As in the previous subsections let g,,...,g,, be a su-
per Grobner basis of M. Since ¢(g;) is a polynomial
in ]R[Xli, I Tli, . ,Tlﬂ, there exists a partition of
(R™)* x RE such that for any two directions in the same
partition element the initial parts of ¢(g,) are the same. Let
L r be the common refinement of the partitions associated to
the polynomials ¢(g,),. .., ®(g,,)-

From now on we use the term “cell” to call elements of a
given partition. Fix I C {1,..., K}. There exists a partition
Ly, of RX such that for any two vectors (a,...,ax),
(af,...,a)) in the same cell, we have a; > a; <= o} >
a;- and a; < aj <= «; < ] for all 4,j € I. Define the
partition £ := (R")" x Ly, of (R")" x R* where each cell
is of the form (R™)" x P, P € L;,.

There exists a partition Lo of (R™)" such that any two
vectors v, v’ in the same cell satisfy v | a; <= v’ L a; for
all i € {1,...,K}. By subdividing Lo we can suppose that
each cell is a convex polyhedron. Similar to the definition of
L}, we define the partition Ly, == Lo x R* of (R")" x R,



For any two partition B, B’ of the same set S, define BV B’
to be the partition of .S whose elements are of the form B N
B',B € B, B’ € B'. Consider the partition £ of (R")" x RX
defined by

L=LmVLoV |\ L],

¢e=

We point out that the cells of £ are invariant under scaling by
a positive real, meaning z € ) <= r -z € @ for all cells
Q€ L and r € Ryg.

Let m: (R™)* xRE — (R™)", (v, @) — v be the canonical
projection. For each @) € £, define the two-element partition
{m(Q), (R™)"\ 7(Q)} of (R™)", and define

Pi=\ (7@, ®)"\ (@)}

QeL

By this definition, take any P € P and @ € £ with 7~ }(P)N
Q # 0; then for v,v’ € P, there exists a € R¥ with (v, ) €
Q if and only if there exists o’ € R¥ with (v/,a’) € Q.
See [14, Figure 28] for an illustration.

It is important to note that the partitions L4, Lo, L1, ,§ €
=, are all defined using equalities and inequalities with ra-
tional coefficients. Also, each inequality is strict, so every
cell Q@ € £ and P € P is relatively open (a polyhedron
is called relative open if it is open in the smallest linear
space containing it). In other words, each cell is defined by a
combination of equalities and strict inequalities. We also point
out that, like the cells of L, the cell of P are invariant under
scaling by a positive real, meaning t € P <— r-z € P
for all cells P € P and r € R+ (. By the definition of L, we
immediately obtain the following.

Lemma C.17 ([14, Lemma 6.12]). Fix a change of coordi-
nates A € GL(n,Z), two sets I, Je C{1,...,K}, and a cell
Q € LA™ T. Then the sets Ié, Jé defined in (LocInfD)(b1) are
effectively computable and do not depend on v, as long as
(vA~T, &) € Q. In particular, the Property (LocInfD)(b1) is
either always true or always false for v, a, (VA™T, ) € Q.

Let Q € L. For (v, ), (v', ') € Q, we have
inu,a(gj) - inv’,a/(gj)

for all j = 1,...,m. Thus, if v = (0,...,0,V441,-.,0n)
is such that vg4q,...,v, are Q-linearly independent, then
inia(./\/l) depends only on the cell @ € £ containing (v, ).
Hence, we can denote

indQ(gj) = ing,a(gj)a j=1,...,m,
i} (M) = inf (M),  where (v,a) € Q.

For any coordinate change A € GL(n,Z), we simi-
larly define the partitions LA~ and PA~" based on the
super Grobner basis ¢a(g;),...,94(g,, and the vectors
a1 A, ..., axA. In particular, each cell of LA™ T is of the form
Q - diag(A~T,Ik),Q € L, and each cell of PA~T is of the
form P-A=T P e P.If vA~T = (0,...,0,0q41,...,0p)

is such that vgyq,...,v, are Q-linearly independent, then
inﬁA,T@((pA(/\/l)) depends only on the cell Q € LA™T
containing (vA~ T, a). Similarly, for 5 = 1,...,m, we can
denote

indQ(@A(gj)) = ingA—T,a(@A(gj)),
ind(pa(M)) =inl + ,(pa(M)),

where (vA™T, @) € Q.

The inputs in Theorem 4.14 are generators for modules M
over A = R[Xli, ..., XF], vectors @y, ..., dr in Z™ and pairs
of sets I¢, J¢, § € E. Our strategy is to use induction on n to
prove Theorem 4.14. The base case n = 0 reduces to linear
programming. Indeed, when n = 0, A = R, AT = R, the
Property (8) is trivially true; and the problem becomes the
following: given an R-submodule M of R¥, decide whether
MnN R§O contains an element. Since the given generators of
M all have integer coefficients, this is decidable using linear
programming.

The following lemma shows that a decision procedure for
Theorem 4.14 with smaller n can help us decide for a given
cell Q € L if the module iné(@A(M)) contains an f¢
satisfying the Properties (LocInfD)(a) and (b2).

Lemma C.18 (Generalization of [14, Lemma 6.13]). Fix a
change of coordinates A € GL(n,Z), sets I, Je C {1,...,K}
for each £ € E, and a number 0 < d < n — 1. Suppose
Theorem 4.14 is true for all ng, 0 < ng < n—1. Fixacell Q €
LA™T, let Ié Jé, & € Z, be the sets defined in (LocInfD)(b1).
We can decide whether the module ind’Q (pa(M)) contains an
element fd satisfying the Properties (LocInfD)(a) and (b2).

Proof. Suppose Theorem 4.14 is true for all 0 < ng < n —1.
In particular it is true for d <n — 1. Fix acell Q € LA™ .

In (LocInfD), the Ag-submodule inﬁA,T’a(gaA(M)) =
ind,(pa(M)) of AKX is generated by the elements
ing(¢a(g;)),j = 1,...,m. Recall that mq = Z" — Z*
denotes the projection onto the first d coordinates.

We then apply Theorem 4.14 the following way: replace n
by d; replace the elements g, ...,g,, € AX by the elements
ind (v4(g1)),--.,inb(va(g,,)) € AK; replace the vectors
ai,...,ax € Z™ by the vectors mg(a1A),...,my(axA) €
Z%; and replace the sets I¢, Je, & € Z, by the sets Ié, Jé,{ €
=Z. Then Theorem 4.14 shows we can decide whether
inf, (04(M)) contains an element f¢ satisfying f* € (A;{)K
and

(0, UJ)N Mu(Ié,fd) # (), for every u € (Rd)* ,EEE.
These are exactly the Properties (LocInfD)(a) and (b2). O]

Denote by Op(A, d) the union of all cells Q € LA™ such
that the Property (LocInfD)(b1) is true for (vA~ T, ) € Q,
and such that iné (¢pa(M)) contains an element F¢ satisfying
the Properties (LocInfD)(a)(b2). By Lemma C.17 and C.18,
the set Op(A,d) is effectively computable as a finite union
of polyhedra defined over rational coefficients (supposing



Theorem 4.14 is true for all 0 < ng < n — 1). See [14,
Figure 29] for an illustration of Op(A, d).

Proposition C.19 (Generalization of [14, Proposition 6.14]).
Condition (LocInfD) of Proposition C.16 is equivalent to the
following:
2. (LocInfCell): For every A € GL(n,Z) and every number
0 < d <n—1, the following is true:
(a) For every v = (0,...,0,v411,...,v,) € {0} x
(R with vgi1,...,v, being Q-linearly indepen-

dent, there exists o € (ZZ:dH ka)K with (v, o) €
Op(A,d).

Proof. This follows directly from the definition of Op(A, d).

O

Lemma C.20 ([14, Lemma 6.15]). Given A € GL(n,Z),d €
N and given Op(A,d) as a finite union of polyhedra defined
over rational coefficients, it is decidable whether the statement
(LocInfCell)(a) is true.

Proving Theorem 4.14: induction and a double proce-
dure.: We now give the full proof of Theorem 4.14. As
in [14], the overall strategy is to use induction on n, while
deciding the Conditions (LocR) and (Loclnf) from the local-
global principle (Theorem C.2).

Theorem 4.14. Denote A = R[X*] At = Roo[X*]*. Fix
n € N and let = be a finite set of indices. Suppose we are
given as input a set of generators g,,...,g,, € AKX with
integer coefficients, the vectors ay,...,ax € Z", as well as
subsets I, Je C {1,..., K} for each & € =. Denote by M
be the A-submodule of A generated by g,,...,g,,. It is
decidable whether there exists f € M N (A1) satisfying

(O'U U']f) va(Ifaf) 7é wa

1)
K
)

for every v € (R™)* £ € =,

®)
Here, if n = 0 then A is understood as R, and Property (8)
is considered trivially true.

Proof. We use induction on n. As remarked earlier, the base
case n = 0 degenerates into linear programming (given an
R-submodule M of R¥, decide whether M N R%; contains
an element). Suppose we have a decision procedure for all
no < n, we now construct a procedure for n.

By Theorem C.2 it suffices to decide whether the two
conditions (LocR) and (LocInf) are both satisfied. First we
check if (LocR) is true using Proposition C.8. If (LocR) is false
then we return False and conclude there is no f € Mﬂ(A*)K
satisfying (8). If (LocR) is true then we proceed.

We now run the two following procedures in parallel:

1) Procedure A: We recursively enumerate all elements of

the Z[X:E, ..., XF]-module:

Mz =3 "hjg; | ... b € ZIXT, ..., X
j=1

For each element f € My, check if f is in (A*)"
and if it satisfies Property (8). This can be done in the

following way: since the entries of f contain finitely
many monomials, it suffices to check Property (8) for a
finite number of v. Indeed, since each of f1,..., fx has
only finitely many monomials, there exists a partition L
of (R™)* such that for each cell L € Ly and for each
¢ € E, the set M,(I¢, f) is the same for all v € L.
Furthermore, for each cell L € Lo, the set O, is the same
for all v € L. Therefore, it suffices to check Property (8)
for one vector v in each cell of the partition L¢ V Lo.
This can be done in finite time for any given f. If some
element f € Mz is in (A+)K and satisfies Property (8),
we stop the procedure and return True.

2) Procedure B: We recursively enumerate all A €
GL(n,Z) and d € {0,1,...,n — 1}. For each A and d,
compute Op(A, d) using Lemma C.18 and the induction
hypothesis on n. Using Lemma C.20, we check if the
statement (LocInfCell)(a) from Proposition C.19 is false.
If for some A, d, the statement (LocInfCell)(a) is false,
then we stop the procedure and return False.

We claim that one of the two above procedures must stop.

Indeed, if M contains an element of (A )fvsatisfying Prop-
erty (8), then there exists an element f € My N (A*)K that
satisfies Property (8) (see Lemma 4.15). In this case, Procedure
A terminates by finding an element f of My N (A*)K that
satisfies Property (8).

If M does not contain an element of (A*)K satisfying
Property (8), then by Theorem C.2, Condition (LocInf) must
be false (since we have already checked (LocR) to be true).
By the chain of Propositions C.10, C.16 and C.19, the state-
ment (LocInfCell)(a) must be false for some A € GL(n,Z) and
d € {0,1,...,n—1}. In this case, Procedure B terminates by
finding A € GL(n,Z) and d € {0,1,...,n — 1} where the
statement (LocInfCell)(a) is false.

Therefore, by running Procedure A and Procedure B in
parallel, we obtain an algorithm that always terminates for
n. O
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