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Abstract—The intuitionistic modal logics considered between
Constructive K (CK) and Intuitionistic K (IK) differ in their
treatment of the possibility (diamond) connective. It was recently
rediscovered that some logics between CK and IK also disagree
on their diamond-free fragments, with only some remaining
conservative over the standard axiomatisation of intuitionistic
modal logic with necessity (box) alone. We show that relational
Kripke semantics for CK can be extended with frame conditions
for all axioms in the standard axiomatisation of IK, as well
as other axioms previously studied. This allows us to answer
open questions about the (non-)conservativity of such logics
over intuitionistic modal logic without diamond. Our results are
formalised using the Rocq Prover.

Index Terms—Intuitionistic modal logic, Relational semantics,
Completeness, Rocq Prover

I. INTRODUCTION

Which logic provides the foundation for intuitionistic modal
logics, by analogy with the logic K for classical modal logics?
If we consider necessity, O, but disregard possibility, <, then
the answer has, until recently, appeared uncontroversial: we
extend intuitionistic propositional logic with the inference rule
of necessitation (if p is a theorem, then so is Op) and axiom

Ka) O(e =) = (Qp — Oy)

Since this logic, which we here call CKy, was introduced by
Bozi¢ and Dosen [9], it and its extensions have been studied
and applied in a literature too large to summarise here; some
examples are given in Section II-A.

How CK should be extended with < has received various
answers. Consider the following axioms, where we follow the
naming conventions of Dalmonte, Grellois, and Olivetti [16]:

Ko) O(p = ¢) = (Op — OY)
(No) oL — 1

Co) Olp V) = VoY
(o) (O — OY) — O(p — 1)

Constructive K (CK) [5] extends CK5 with K. only; Wije-
sekera’s K (WK) [70] extends CK further with N.. These
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logics are proof theoretically natural, attained by restricting
the sequent calculus for classical K to single conclusions
(CK) or zero or one conclusions (WK). Both were originally
also motivated by applications in Al: the notion of context
in knowledge representation and reasoning (CK) [22], [50],
and representing states with partial knowledge, as well as
constructive concurrent dynamic logic (WK) [71], as discussed
further in Section II. Intuitionistic K (IK) [28]' has all the
above axioms. It is the logic specified by Fischer Servi’s
translation to classical (K, S4)-bimodal logic [26]-[28], and by
the standard translation to intuitionistic first order logic [66].
IK also respects the Godel-Gentzen double negation translation
from classical modal logic, although this also holds for the
logic without C,, [19]. These are by no means the only options
for logics between CK and IK; we mention also Kojima’s
logic for intuitionistic neighbourhood models [41], which lies
between CK and WK, and Forward confluence IK (FIK) [4],
which modifies IK by replacing |, with a weaker axiom.

While different notions of <& have arisen from different
motivations, it has generally been assumed that only <& is
controversial, and that these logics agree with CKy on their ¢-
free fragments. This was shown to be incorrect in Grefe’s 1999
thesis [34]. Grefe showed that the O-free formula (—-OL —
0O.1) — 0L holds in IK but not in CK. This observation was
not published, and was only recently rediscovered by Das and
Marin [19], who showed, among other results, that while 1K
is not conservative over CK, the logic CK & N, @ C,,, and
hence its sublogics such as CK and WK, are.

The (re)discovery that the logics between CK and IK are not
as well understood as previously thought raises many ques-
tions. With each new axiom that is considered in this space,
these questions multiply. Working via Hilbert axiomatisations
only is notoriously intractable, and while proof theoretic meth-
ods were used successfully by Das and Marin to clarify the
status of CK® N, @ C,,, the effort involved was considerable.
In this paper we instead explore the (bi)relational semantics
of Kripke frames. Such semantics are known for CK [50],
WK [70], FIK [4], and IK [27], although imprecisions in the
treatment of WK led to the soundness proof with respect to

IThe name IK has been used inconsistently in the literature, sometimes for
the logics that we here call CKg and CK.



the semantics for that logic being called “inconclusive” [50]°.
Moreover, the different choices made both for conditions on
the relations and for the interpretations of the modal operators
impede comparisons between these logics.

In this paper we take the relational semantics for CK as
a unifying semantics, and give frame conditions for each
of the axioms N, C,, and |,5. This allows us to provide
completeness proofs for each of these axioms independently.
In particular, this answers the challenge of Das and Marin [19,
Section 7] to provide relational semantics for logics between
WK and IK. We use these semantics to analyse the <-free
fragments, making the new observations that CK ® C, @ |,
and hence CK & |, are conservative over CK. This is a
surprising result, as no logics including |, were previously
shown to retain conservativity; it is now clear that the combi-
nation of |5 and N is to blame here.

We formalise all our results in the Rocq Prover [68], which
not only adds confidence to our results (in particular, the
doubt raised [50] about the relational semantics for WK may
now be considered settled), but is a crucial working tool for
managing the profusion of logics which arise as one considers
new axioms. As a proof of concept of this methodology
of working from a base relational semantics for CK with
support from Rocq, we go on to provide relational semantics
and conservativity results for Kojima’s logic, and for the
weakening of |5 used in FIK. Each mechanised result in
the paper is accompanied by a clickable rooster symbol “§R”
leading to its mechanisation. The full mechanisation can be
found at https://github.com/ianshil/CK and its documentation
at https://ianshil.github.io/CK/toc.html.

This paper begins by discussing constructive modal logics in
more depth in Section II, before introducing the basic syntax
in Section III. We give sound and strongly complete relational
semantics for our base logic CK in Section IV, then give
frame conditions and completeness results for N, C, and
lon in Sections V and VI, and compare the resulting logics’
O-free fragments in Section VII. We extend our techniques to
other axioms from the literature in Section VIII. We finish by
discussing our Rocq formalisation in Section IX and surveying
possible further work in Section X.

II. CONSTRUCTIVE K AND ITS EXTENSIONS

In this section we elaborate on the logics that lie at the heart
of the paper.

A. Intuitionistic logic with boxes

Intuitionistic modal logics with a necessity (box) modality
but no diamond, or where diamond is viewed as a derived
modality, date back to 1965 [12]. Early literature often takes
an S4-perspective on the modality [6], [29], [53], [58]. The
first occurrence of CK5 appears to be in 1984 [9], [24], where
it is called HKO. Subsequently, it has been widely studied
under various names, including IntK [74], IntK [73], [75],

2More precisely, Mendler and De Paiva argued that flaws in Wijesekera’s
work with WK made it unsuitable to conclude soundness for CK, but their
argument holds equal force as a criticism of the development for WK itself.

IK, [5], IK [39] and K [19]. We highlight some of its
appearances.

Example II.1 (Modalities for context). The modal opera-
tor O can be used to formalise the idea of a context, a
notion in the field of knowledge representation. For exam-
ple, if O denotes the context of Sherlock Holmes, then
it is true that Sherlock Holmes lives in Baker Street,
i.e. O(Sherlock lives on Baker Street). We can use multiple
modalities, denoted as O,, or ist(k, ) (for is tfrue), to model
several contexts k.

From a computer science point of view, contexts can for
example be used to deal with databases with multiple conven-
tions [48], [49]. More generally McCartey states that an “Al
goal” is to allow simple axioms for commonsense to be lifted
to other contexts [47], [49]. This idea was further studied in
e.g. [14], [45], [52], and in [22] it was shown that the common
core of the latter three is given by (a multimodal version of)
CKg.

Example II.2 (Modalities for knowledge). An epistemic in-
terpretation of Oy is that an agent knows or believes ¢ to be
true. In an intuitionistic context, the epistemic operator can
be used to model an ideal reasoner (the agent) in a growing
informational state (an intuitionistic Kripke frame) [38], [60].
This motivates the reflection principle Oy — ¢: if an agent
knows that ¢ is true, then it is true.

Alternatively, one can take Oy to represent “belief and
knowledge as the product of verification” [3]. In this view,
the intuitionistic truth of a proposition entails knowledge of
it, because an intuitionistic proof is a verification, so one gets
the co-reflection principle ¢ — O as an axiom. A priori, this
logic does not rule out false beliefs. The extension of CKg
with co-reflection is called |IEL™, and has recently received
a lot of attention [10], [61], [62], [67]. (Incidentally, IEL™
coincides with the inhabitation logic of Haskell’s applicative
functors [46], as was noted in [44], [61].)

Example II.3 (Curry-Howard correspondence). Constructive
versions of S4 received a lot of attention from a type-theoretic
perspective [2], [7], [32]. This sparked attempts to give a
Curry-Howard correspondence for CKy as well. The first
such correspondence was established by Bellin, De Paiva and
Ritter [5], and was later refined by Kakutani [39]. In their
work, O is the type former corresponding to a term constructor
which can be interpreted as a sort of substitution. This is still
an active field of research: a new correspondence for the AV-
free fragment of CKg was recently discovered by Acclavio,
Catta and Olimpieri [1], and a Curry-Howard correspondence
for IEL™ was given in [10], [62].

Extensions of CKg, for example with the S4 axioms,
have also found many applications, ranging from hardware
verification [25] to access control [31] to staged computa-
tion [20], [21], [51], and from the productivity of recursive
definitions [8] to global elements in synthetic topology [65].
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B. Intuitionistic logic with boxes and diamonds

As in the mono-modal case, the study of intuitionistic modal
logic with two modalities, O and <, started with intuitionistic
analogues of S4, for example in [11], [13], [55], [58], [59].
These were then generalised to intuitionistic counterparts of
K, where the variety of axioms defining & and relating O and
<& (such as Ng, Ci and lo) resulted in a wide variety of
intuitionistic modal logics.

One of the simplest intuitionistic modal logics with an
independent box and diamond modality is Constructive K
(CK). This extends CK5 with K., and was described in [5],
following an adaptation of Prawitz’s suggestions [58] for
intuitionistic S4 to K. Adding various configurations of N,
Cs and | gives rise to logics including WK [70], [71], and
IK [27], [28], [57], [66]. We point out some uses of these
logics.

Example II.4 (Satisfiability in context). In the setting of
knowledge representation, &, can be can be interpreted
as ¢ being satisfiable in context k [50]. Under this light,
the diamond-containing axiom K, of CK is a sensible one
to adopt. Indeed, truth of the implication of ¢ — % in a
given context allows one to infer the satisfiability of ¢ from
satisfiability of ¢. However, we may not so readily accept
other axioms, like N and C,,. For example, N, declares that
falsity is satisfiable in no context, so adding it to our system
prevents us from identifying inconsistent contexts.

Example I1.5 (Parallel computation). The logic WK is ob-
tained by adding N, to CK [70], [71]. It was put forward as
a constructivised version of concurrent dynamic logic [54].
Here ¢,¢ means that an execution of program « reaches
a state where ¢ holds, and ¢,np is read as “a and 3 can
be executed in parallel so that upon termination (in either
computation path) ¢ holds,” so it is equivalent to G AOge.
This interpretation prevents distributivity of diamonds over
joins (i.e. C), because the truth of Ganp(p V ) may be
witnessed by o and Ogp.

Example II.6 (Diamonds for consistency). Both classi-
cally [37] and intuitionisticially [72], the diamond operator
is used in epistemic logic to denote consistency or a kind
of possibility of ¢ with respect to an agent’s knowledge.
The disentanglement of box and diamond in the intuitionistic
setting allows us to reevaluate the axioms we impose on
diamonds.

For example, if ¢ — 1 is known and ¢ is possible (or
consistent), then it stands to reason that v is consistent too,
so K is a plausible axiom. The axiom N, holds in the
intuitionistic epistemic logic studied in [72], but we may not
always want this to be the case: Since the point of view taken
in [3] allows an agent to hold a false belief, L could be a
consequence of their knowledge, so that &L holds and we
must reject N.

Example ILI.7 (Evaluation logic). In [56], Pitts introduces
evaluation logic, which is an extension of IK. This logic has
modal formulas of the form [x < E]p(z) and (z < E)p(x),

which express that if « is evaluated to E, then () will nec-
essarily or possibly hold. The logic is designed to reason about
computation specified using a style of operational semantics
called natural semantics.

Example I1.8 (Curry-Howard correspondence). It is natural to
wonder whether the Curry-Howard correspondence for CKg
can be extended to one of the above-mentioned constructive
modal logics with a diamond. A correspondence for CK was
given in [5], but this turned out to have deficiencies [23], [39],
[40] which as of yet have not been entirely corrected.

A correspondence for WK would be particularly attractive,
given its interpretation as parallel computation. This would
allow one to generate programs containing concurrency which
are verified by extraction.

III. THE FORMAL SYSTEM(S)

In this section we fix the syntax and axiomatic calculus
for CK and its extensions. Taking a countably infinite set of
propositional variables Prop = {p,q,r,...}, we define the
language L via the following grammar (@R):

pu=peProp| LlpAp|oVe|lp—=o|Op|Op

We abbreviate -¢p = ¢ — L and T := —L1l. We use
Greek lowercase letters, e.g. , ¥, x and 6, to denote formulas,
and Greek uppercase letters, e.g. I'; A, &, ¥, for multisets
of formulas. For such a multiset I' we define the multisets
a) :={0¢ | ¢ € T} and O 1(T) := {p | Op € T'} and
similarly for &(T") and &~ 1(T). If T is finite, \/ T denotes
the disjunction of all formulas in I". We distinguish the logical
connectives in L from those used in our metalogic with a dot
on top of the metalogical connectives, e.g. —. Since Prop is
countably infinite and we have finitely many connectives we
can enumerate the formulas of L (@R).

All logics we consider are syntactically defined as exten-
sions of the base logic CK with axioms. We describe this
formally by defining a logic parametrised in a set Ax C L of
axioms, so that Ax = () corresponds to CK.> We denote by
Z(Ax) the set of all instances of axioms in a given set Ax.

Definition IIL.1 (R). Let CKAx () be an axiomatisation of
intuitionistic logic ($) together with K5 and K,,. For a set
Ax C L, define the generalised Hilbert calculus CK & Ax by:

¢ € T(CKAX) U Z(Ax) OF @
(Ax) TFg (Neo) o

| TFp—=y pel
(MP) TF o E) s

We call consecutions expressions of the form I" - . We say
that I' - ¢ is provable in CK @ Ax, and write I' Fax ¢, if
there exists a tree of consecutions built using the rules above
with I' - ¢ as root and adequate applications of rules El and
Ax as leaves. We also write I' /ax ¢ if =(T Fax ¢), and

3In the formalisation we use as parameter a set of formulas closed under
substitution. Given a set Ax of axioms, the set of all instances of axioms in
Ax is such a set.
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write I' Fa, A for A C L if there is a finite A’ C A such
that T' Fax VA" If Ax = {Ao,...,A,} is finite, we write
CKOAyD--- DA, for CKD Ax.

Sometimes CK & Ax has an existing name in the literature.
For example, CK & N, is known as WK. In such cases, we
use both names interchangeably. The rules displayed below,
where o is a uniform substitution, are admissible in CK @ Ax
for any set of axioms Ax:

| R {THd | 0eA} Aty 'k
I T Fo Tk Ik o”
| RNV RCR T | )

Thp— o(T) - Oy

The three topmost rules show that CK@® Ax is a monotone (@),
compositional (JR) and structural (JR) relation, respectively.
Furthermore, we can show that I' Fa,  if and only if there
is a finite IV C T such that T Fa, ¢ (). Therefore CK & Ax
is a finitary logic [42]. The left rule of the bottom row can be
applied in both directions and corresponds to the deduction-
detachment theorem (R,#R).* The right rule of the bottom row
captures the modal sequent calculus rule (JR).

Definition IILI.2. A set of formulas I' C L is a theory (fR) if it
is deductively closed, i.e. I' Fayx @ implies ¢ € I'. It is prime
R if pVY el implies p € T" or ¢ € T, for all ¢,y € L.

We note that the prime theories we consider need not
be consistent, and can thus contain . This reflects the
existence of an inconsistent world in the semantics, defined
in Section IV.

Lemma IIL3 (Lindenbaum @R). Let TUA C L. If T ax A
then there is a prime theory I D T such that T t/a A.

This can be proved by a routine argument. We often use the
Lindenbaum lemma with A of the form {¢} ().

IV. RELATIONAL SEMANTICS FOR CK

We present a relational semantics for CK which is a light
modification of Mendler and De Paiva [50]. Their semantics
is characterised by the interpretation of both modalities over
all intuitionistic successors of worlds, and by the existence
of worlds that satisfy all formulas, including L. Such worlds
were introduced by Veldman [69] as “sick” worlds, whereas
Mendler and De Paiva call them ‘“fallible”; we follow Ilik,
Lee and Herbelin’s exploding terminology [36]. Because all
exploding worlds are essentially the same with respect to
formula satisfaction we slightly simplify the Mendler-De Paiva
semantics by using a single exploding world, instead of a set.

Definition IV.1. A CK-frame (@) is a tuple (X, @, <, R)
where (X, <) is a preorder, @ € X is a maximal element

4This notably implies that CK and WK satisfy the deduction theorem.
Mendler and De Paiva make the opposite claim [50, Footnote 2] in their
analysis of Wijesekera’s work, but despite some imprecision in his definitions,
we believe that Wijesekera had in mind a calculus like ours where the rule
(Nec) has ), and not a general T, in its premise.

of (X,<), and R is a binary relation on X such that @Rz
if and only if z = @. We denote by CK the class of all CK-
frames.

A valuation is a map V that assigns to each proposition
letter p an upset V(p) of (X, <) such that & € V(p). A CK-
model (JR) is a CK-frame with a valuation. The interpretation
of a formula ¢ at a world = in a CK-model M = (X, @, <
,R,V) () is defined recursively by

M, xI-p iff
M,z - L iff
MzlFpAy iff
MzlFpVvy iff
Mz ke — iff

z € V(p)

=@

M,z IF ¢ and M, x |-

M, x - or M al-y

Yy (x <y and M,y -
imply 9,y |- )

M zl-Op iff Vy,z(xr<yand yRz
imply 901, z I ¢)
M,z lFCp iff Vy(r <y implies 3z € X

s.t. yRz and M, z I+ )

Let TU{y} C L and let M be a CK-model. We write 91, x I
T if x satisfies all ¢ € I, and we say that O validates T' - ¢
if M, 2 IF T implies 9N, x I+ ¢ for all worlds z in 2. A CK-
frame X validates T' b ¢ if every model of the form (X,V)
validates the consecution, and it validates a formula ¢ if it
validates the consecution () - . If F is a class of CK-frames,
then we say that I' semantically entails p on F (@), and write
I'lIFx ¢, if every CK-frame in F validates I' - ¢.

The universal quantifier in the interpretation of < prevents
distributivity of diamond over disjunctions, and thus is often
not necessary when studying logics that include C.. We
reiterate that @ is a maximal element in (X, <) but not
necessarily a top element. That is, there are no elements above
@ in the partial order < (other than @ itself), but @ does not
necessarily lie above all elements of X.

We will show that CK-frames form a sound and complete
semantics for CK.

Lemma IV.2 (Persistence §R). If M,z - ¢ and x < y then
M,y I+ .

Proof. By induction on the structure of ¢. The L case holds
because @ is maximal. All other cases are as usual. O

Proposition IV.3 (Soundness @R). If I Fck @, then T e .

Proof. By routine induction on the structure of a proof of
I' + . In particular, validity of (any instance of) the axiom
1 — p follows from maximality of @&. O

Next, we define a canonical model for the logic CK & Ax,
where Ax is any set of axioms. This gives rise to a CK-model
that validates precisely the consecutions derivable in CK® Ax.
We can use this to obtain completeness for a specific logic
CK @ AX' with respect to some class F of CK-frames by
showing that all frames in F validate the axioms in Ax’, and


https://ianshil.github.io/CK/GHC.logic.html#extCKH_monot
https://ianshil.github.io/CK/GHC.logic.html#extCKH_comp
https://ianshil.github.io/CK/GHC.logic.html#extCKH_struct
https://ianshil.github.io/CK/GHC.logic.html#extCKH_finite
https://ianshil.github.io/CK/GHC.properties.html#extCKH_Deduction_Theorem
https://ianshil.github.io/CK/GHC.properties.html#extCKH_Detachment_Theorem
https://ianshil.github.io/CK/GHC.properties.html#K_rule
https://ianshil.github.io/CK/GHC.Lindenbaum_lem.html#closed
https://ianshil.github.io/CK/GHC.Lindenbaum_lem.html#prime
https://ianshil.github.io/CK/GHC.Lindenbaum_lem_pair.html#Lindenbaum_pair
https://ianshil.github.io/CK/GHC.Lindenbaum_lem.html#Lindenbaum
https://ianshil.github.io/CK/Kripke.kripke_sem.html#frame
https://ianshil.github.io/CK/Kripke.kripke_sem.html#model
https://ianshil.github.io/CK/Kripke.kripke_sem.html#forces
https://ianshil.github.io/CK/Kripke.kripke_sem.html#loc_conseq
https://ianshil.github.io/CK/Kripke.kripke_sem.html#Persistence
https://ianshil.github.io/CK/Soundness.CK_soundness.html#CK_Soundness

that the CK-frame underlying the canonical model is in F. In
order to achieve the latter we sometimes have to modify the
canonical model construction, as we will see in Section VI.

While canonical models are often based on theories (Defini-
tion I11.2), we adapt Wijesekera’s use of segments [70]. These
are theories paired with a set of theories that intuitively denote
their modal successors. This technique prevents distributivity
of diamonds over disjunctions, corresponding to the C., axiom.
Because we have an exploding world, the theories we use to
define our segments are allowed to contain L.

Definition IV.4. A segment (@) is a pair (I',U) where T is
a prime theory and U is a set of prime theories such that:

1) if Op el then p € Aforall A eU;
2) if Op €T then ¢ € A for some A € U.

Write SEG for the set of all segments and define relations
S () and R () on SEG by:
r,0) S I.U)

(T, U)R(T,U")

iff TCI’
iff T'eU

Note that < defines a preorder on SEG. Furthermore,
observe that (L, {L}) is a segment, and conversely any seg-
ment of the form (L,U) must have U = {L}: &1L € L
implies that U is non-empty, and Ol € L implies that
each of its elements is L. Thus, setting & = (L, {L}) (®)
gives rise to a CK-frame Xckpax = (SEG,&,S, R) (R).
We can equip this frame with the valuation V' given by
V(p) = {(T,U) € SEG | p € T'} for all p € Prop ().
Then we obtain the model Mcekgpax = (Xckpax, Vs) ().

Lemma IV.5 (R). Let I be a prime theory such that O ¢ T
Then there exists a segment (I',U) such that for all A € U
we have ¢ ¢ A.

Proof. For any &0 € T, we have O 1(T"),0 W/ax ¢, for
otherwise we would get I', ©6 Fa, O hence Op € T'. Now
use the Lindenbaum lemma II1.3 to find a prime theory Ay
containing 0~ *(T") and € but not ¢. Then (T', {Ay | 00 € T'})
is a segment with the desired property. O

In particular, the previous lemma implies that for each prime
theory I" we can construct a X-segment of the form (I, U):
if ©1L ¢ T" we use Lemma IV.5 and if ¢L € T then we can
take U to be the set of prime theories containing O~ 1(T).

Lemma IV.6 (Truth lemma @). For any segment (I',U) and
Sformula ¢ € L we have (I',U) I+ ¢ iff p € T

Proof. By induction on the structure of ¢. The cases for
proposition letters and L hold by construction. The inductive
steps for meets, joins and implications are routine.

If ¢ = <& then by construction ¢t € T implies (T, U) |-
&1 Conversely, if O ¢ T' then using Lemma IV.5 we can
find a X-segment (', U’) such that ¢ ¢ A for all A € U’.
Since (I, U) & (T, U’) we have (T, U) I &9 by persistence.

Lastly, if ¢ = Ot and O € T' then by construction we
have (T, U) I+ Ov. For the converse, suppose Ot ¢ T'. Then
0 Y(T) t#ax ¥ (for otherwise we would have O € T), so

we can use the Lindenbaum lemma to find a prime theory
'y, containing 0~ '(T") but not 7). Now we have that (I',U U
{T'y}) is a X-segment and (I',;U) < (I, U U {T'y}), so that
I'y, witnesses the fact that (I, U) Iff O%. O

Theorem IV.7 (Strong completeness §R). Let F be a class of
frames such that Xckeax € F, and every X € F validates
Ax. Then, T IFx ¢ entails T Fay ¢ .

Proof. We reason by contrapositive. Suppose I' t/a, . Then
we can find a prime theory I"” containing I" but not ¢, and
extend I' to a segment of the form (I',U) (). The truth
lemma implies (I, U) Ik x for all x € I while (I",U) Iff .
Since Xckgax € F by assumption, we find I' If x . O

Remark IV.8. The canonical model construction can also be
performed relative to a finite set > of formulas. This gives
rise to a finite canonical model, a truth lemma relative to X,
and ultimately a finite model property. Since this is beyond
the scope of this paper we omit the details.

As the class of frames C/C vacuously validates all additional
axioms of CK, i.e. none, and the frame Xck € CKC, we exploit
the result above to obtain strong completeness for CK.

Theorem IV.9 (Strong completeness for CK @). If I' IFex ¢
then T Fck .

Remark IV.10. Wijesekera [70] uses a similar construction as
above to obtain completeness for WK. Besides incorporating
an inconsistent world, the main difference is that our canonical
model is based on the set of all segments, while Wijesekera
uses recursion to generate a model from a given segment. We
also note that Wijesekera claims completeness with respect to
partially ordered frames, but their canonical model construc-
tion only gives a preorder. The claim for partially ordered
frames can be recovered via an unravelling construction akin
to [15, Section 3.3].

V. THREE AXIOMS BETWEEN CK AND IK

The logic IK can be obtained by extending CK with N,
Cs and ls. This section examines these three axioms indi-
vidually. We give frame conditions that guarantee validity for
each of them, and then refine these to frame correspondence
conditions. While the latter conditions provide sound and
strongly complete semantics for the extension of CK with any
combination of N, C, and I, we use the former when
possible because of their greater simplicity. In particular, we
provide the birelational semantics for CK & N @ C,, called
for by Das and Marin [19, Section 7].

Definition V.1. Let X = (X, &, <, R) be a CK-frame. We
identify three frame conditions (JR,#RA,R):

(Ny-suff) Vz (xR@ implies v = &)
(Co-suff) Vz Iz’ (z <2’ and Vy, 2 (if z <y and 'Rz
then Jw € X s.t. yRw and z < w))
(log-suff) Vz,y,z st xRy <z (Ju e X sit. x <uRz
and Vs € X s.t. u <s,3t € X s.t. sRt and 2 < t)
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Proposition V.2. Ler X = (X, @&, <, R) be a frame and A €
{No, Co, lon}. If X satisfies (A-suff), then X validates A.

Proof. This result (f,#R,) follows from the fact that each
of the conditions above implies the correspondence condition
of the axiom under consideration (JR,#A,$R), given below. [

Remark V.3. If we take x = 2’ in (C,-suff), we obtain a
stronger condition (@),

(Co-strong) Vaz,y,z(if z < y and xRz

then Jw (yRw and z < w)).
This is a standard frame condition for the semantics of
IK [27], [57], [66]. It implies that we can ignore the universal
quantifier in the interpretation of &, looking only at modal

successors of the current world. In presence of (C,-strong),
condition (I¢-suff) is equivalent to (FR)

(log-weak) Ve, z,u (if xRz < u then Jy (z < yRu)),

which is also used in the standard semantics of IK.

R R
Yy----w S§----»¢
0 T A
| I
z — z U-=-=->2Z
y B 4 i

Tr--X>@ I |

| r—->Y

x R

(a) (N -suff) (b) (Co-suff) (©) (lon-suff)

R R
Y-S w Y-S u
I ] A I

| |

| |

| |
r—->Zz r—>Zz

R

(d) (Cs-strong) (e) (log-weak)

Fig. 1: Sufficient conditions for validity of N, C,, and loq.
Unlabelled arrows denote the intuitionistic relation. Solid ar-
rows indicate universally quantified relations, while the dashed
ones indicate existential ones.

The five frame conditions introduced in Definition V.1
and Remark V.3 are depicted in Figure 1. While these are
sufficient to ensure validity of certain axioms, none of them
are necessary. The next examples illustrate this for (N -suff)
and (I, 5-suff).

Example V.4. Consider the frame depicted in Figure 2a. This
validates &L — 1, because @ is the only world that satisfies
&L, But it does not satisfy (N -suff), because = R@.

Example V.5. Consider the frame given in Figure 2b. This
satisfies neither (| -suff) nor (I,5-weak). However, the frame
does validate |,5. To see this, we show that every world
that satisfies Op — Og also satisfies O(p — ¢). For u,v,w
this follows immediately from their lack of modal successors,
which implies that they trivially satisfy O(p — ¢). For y it

follows from the fact that y IF Op — Oq implies that either
w lf p or wlk g, so that w IF p — ¢ whence y IF O(p — q).
Lastly, suppose = IF Op — Ogq. If none of u, v, w satisfy p
then they all satisfy p — ¢, and hence z IF O(p — ¢). If any
of u,v,w satisfy p then so does w, which implies x I Op.
Then we have x I Ogq, so that u I ¢ and hence u, v, w IF q.
Thus u,v,w IF p — ¢, which again implies z IF O(p — ¢).

-

- yi»w\ C*DR\
R INA

T R

(a) Frame from Exm. V.4. (b) Frame from Example V.5.

Fig. 2: Frames witnessing non-necessity of some of the
sufficient conditions from Definition V.1 and Remark V.3.

We now give exact correspondence conditions for each of
the axioms N, Cs and |. Two of the three correspondence
conditions are depicted in Figure 3 below.

Proposition V.6 (). A CK-frame X = (X, &, <, R) vali-
dates N if and only if it satisfies:

(No-corr) Va (if yR@ for all y > x, then © = &)

Proof. The correspondence condition implies validity of N
by definition. Conversely, if the correspondence condition does
not hold then this must be witnessed by a world that satisfies
<L but not L. O

To simplify the statement of the correspondence condition
for C,, we use the following notation: if (X, <) is a preorder,
R a binary relation on X, z € X and ¢ C X, then Ja := {x €
X | z <y for some y € a} denotes the downset generated by
a, Rlz] :={y € X | Ry} and R~ (x) = {y € X | yRz}.

Proposition V.7 (). A frame X = (X, &, <, R) validates
Co if and only if it satisfies:

(Co-comr) Va,y,z (fy,z2 ¢ R (@) and v <y and x < z
then Jw(z < w and R[w] C | R[y]
and R[w] C | R[z]))

Proof. Suppose X satisfies (C,-corr). Let  be a world, V' any
valuation and suppose z Iff Op V &g. Then z If Op and x I
&g, so there exist y > x and z > x such that R[y]|NV (p) = 0
and R[] N V(q) = 0. We must have y,2 ¢ R~ (@), so
by (C-corr) we get some w > x such that every R-successor
of w lies below an R-successor of y and below an R-successor
of z. This implies that R[w] N (V(p) UV (q)) = 0, so that w
witnesses z [ &(pV g). Since this holds for every z € X and
every valuation, it follows that X |- OG(p V) — Op V Oq.
For the converse, suppose that (C-corr) does not hold.
Then we can find x, 3, 2 satisfying v,z ¢ R~(@) and = < y
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and = < z, and such that there is no w > z such that every
R-successor of w lies below R-successors of y and z. Taking
V(p) = (X \ LRly)) U {@} and V(q) = (X \ LR[z]) U {@}
then results in a model where x satisfies G(p V ¢) but not Op
or &g, whence z If OG(pV q) = OpV Og. O

Proposition V.8 (). A frame X = (X, &, <, R) validates
loo if and only if it satisfies:

(lop-corr) Vz,y,z(if xRy < z # &
then Ju,w (r < uRw < z
and Vs (if u < s then sR&
or It(sRt and z < t))))

Proof. Suppose X satisfies (I 5-corr). Let V' be any valuation
and suppose x’ I O(p — ¢). Then there exist worlds z, y
and z such that '’ < zRy < z and z IF p and z I ¢. Since
z If ¢ we must have z # @, so we can find u,w with the
properties mentioned in (l,5-corr). Then u I &p because
each intuitionistic successor s of u can modally see @ or some
successor of z, both of which satisfy p. But we have u | Og,
because u < uRw and w < z, hence w Iff q. Since 2’ < x <
u, we conclude z’ I Op — Oq.

For the converse, suppose that the frame validates (Op —
O¢g) — O(p — q) and let x,y,z € X be such that zRy <
z and z # @&. Since the formula is valid, it holds for all
valuations and we can exploit its truth under any valuation that
suits us. Define V(p) = (12) U{@} and V(¢) = (X \ {2) U
{@&}. Then z I- p and z Iff g (because z # &), and therefore
y If p — g, so that = |f O(p — ¢). But this means that we
must have z ¥ Op — Og. So there exists some successor v
of x such that v IF Op while v | Og. The latter implies that
there exist worlds u,w such that v < uRw and w I q. By
definition of V(g) this means w < z. Furthermore, v IF Op
implies u I Op, so each intuitionistic successor s of u has a
modal successor that satisfies p. By definition this means that
either sR@ or there is some ¢ such that sRt and z < t. Thus
we have found u,w € X with the desired properties, hence

the frame satisfies (l-corr). L]
L "&
S --=z - or
y*”ﬁ”*y’ t‘\
N \
zZ---=-" S 2’ 5 7& L

R \ /4 U\\ R /‘
w w/’ A\ \\“~> ’
A R . w
| rT——>Y
X R

(a) (Ce-corr) (b) (log-corr)

Fig. 3: Correspondence conditions for validity of C., and lq.
The solid arrows indicate universally quantified arrows, while
the dashed ones indicate existential ones. The modal relation
is labelled R and the intuitionistic relation is unlabelled.

VI. EIGHT COMPLETENESS RESULTS

The correspondence results for the axioms N, Co, and |4
give rise to sound semantics for extensions of CK with any
combination of them. Next, we prove corresponding com-
pleteness results. Where possible, we show that the canonical
model satisfies the sufficient frame conditions, to simplify our
reasoning about conservativity in Section VIIL.

Theorem VIL.1. Let Ax C {N, Co, lor}. Then the logic CK®
Ax is sound and strongly complete with respect to the class of
[frames satisfying (A-suff) for each A € Ax, except for CKGN,,
and CK & N, & Cy, for which (N-corr) replaces (N -suff).

The completeness part of the proof splits into four cases,
depending on whether or not C, and |, are in Ax. Each
uses a slightly different canonical model construction. Intu-
itively, we “prune” the canonical model construction for CK
from Definition IV.4 (i.e. we leave out certain segments) to
ensure satisfaction of relevant sufficient and correspondence
conditions. We begin by adapting the canonical model to
accommodate for the case where C,, € Ax and |5 ¢ Ax.

Definition VLI.2 (@). Let I' and A be prime theories.
1) The A-segment of T is the segment (", A) where A € A
if and only if for all ¢ € L: Op € T implies ¢ € A,
and ¢ € A implies G € T
2) The B-segment of T" is the segment (I", B) where A € B
if and only if {¢ | Op € T'} C A.

Note that we always have @ € B. Besides, @ € Aif &L €
I". We now verify that (I, A) and (T", B) are indeed segments.

Lemma V1.3. Let I" be a prime theory with A- and B-segment
(T', A) and (T, B). Then we have:
1) IfOp €T then ¢ € A for all A € AU B ().
2) If O € T then ¢ € A for some A € A, and ¢ € O for
some © € B ().

Proof. Ttem 1) holds by construction, and for B-segments 2)
is witnessed by © = @ € B, so we are left to prove 2) for
A-segments. To this end, suppose Gp € I'. If &L € I, then
we can also use A = @ € A as witness. Else, we claim that

o' (D) U {p} i o7H(I°). (1)

(Here T¢ = L\ T, so o~ }(T¢) = {# | &0 ¢ T'}.) Then
&7H(T¢) is not empty as &L ¢ T If (1) is false, then there are
P1,...,, € O°YT) and 04,...,0,, € & 1) such that
PN AP A = 01V-- VB, Since O distributes over meets
and ¢ distributes over joins (§R), we have ¥ := 1 A--- ¢, €
O '(T)and 0 := 6, V-V, € O~1(T°). Then YAy F 6, so
by K¢, Oy A O = 6. By assumption 0w, G € T, hence
&6 € T, a contradiction. Now the Lindenbaum lemma yields
a prime theory A containing 0~ !(T") U {¢} and disjoint from
&7HT). Therefore ¢ € A and A € A, as desired. O

We construct the canonical frame X4 p and model
Map (W) as in Definition V.4, except that we restrict our
worlds to A- and B-segments. Then we have the following
truth lemma.
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Lemma VL4 (Truth lemma @). Let (T',U) be an A- or B-
segment. Then for all ¢ € L we have (T,U) I+ ¢ iff p € T.

Proof. By induction on the structure of ¢. We demonstrate
the case ¢ = 0. If Oy € T then T' IF O by construction.
If Oy ¢ T then O~ 1(T) I/ 9, so we can use the Lindenbaum
lemma to find a prime theory A containing 0~ *(I") but not .
By definition A is in the tail of the B-segment of I'. Extending
A to a segment (A, V) (using either the A- or B-segment), we
find (I,U) < (T, B)R(A, V), and by the induction hypothesis
(A, V) IF 9. Therefore (I, U) Iff 0. O

Finally we check that restricting to A- and B-segments gives
rise to a frame that satisfies (C-suff).

Lemma VL5 (fR). The frame X s satisfies (C,-suff).

Proof. Given (I',U), we claim that the A-segment (I, A) of T’
witnesses satisfaction of (C-suff). Suppose (I', U) & (I, U")
and (I' A)R(A,V) (so A € A). If & € U’ then (&,4) is
a segment such that (I'",U')R(&, A) and (A, V) S (&, A),
0 (Cy-suff) holds. So assume & ¢ U’. Then (IV,U’) is an
A-segment. We construct a A’ € U’ such that A C A’. Then
e.g. the A-segment (A’; A) witnesses truth of (C-suff).

First, note that {¢) | O € TV} # 0, else L € TV would
entail the presence of @ in U’. Second, we claim that

o' T)UAF{y | oy ¢ I} )

If this were not the case, then we can find Op € IV and § € A
and &) ¢ TV such that o A0 F 1), hence Op A OO F O, By
definition of A-segments, 6 € A implies & € T, so &6 € TV,
But Oy € I by construction, hence Gt € TV, a contradiction.
So (2) holds, and we can use the Lindenbaum lemma to find
a prime theory A’ containing A and ¢ for each Oyp € T7,
while avoiding v for each &1 ¢ TV, We claim that Gp € T
for each ¢ € A’. If not, then there exists a ¢ € A’ such that
& ¢ 1Y, contradicting the fact that A’ avoids all ¢ such that
&1 ¢ TV, This entails A C A’ and A’ € U'. O

Combining the previous lemmas yields:

Lemma VI.6 (R). CK & C,, is sound and strongly complete
with respect to the class of frames satisfying (C-suff).

Next, we consider the case where |5 € Ax and C,, ¢ Ax.

Definition VLI.7 (RR). A P-segment (or purposeful segment) of
I" is defined as follows:
o If L €T, then the only P-segment based on T is (T, {T'})
(e (@ {@)):
e If L ¢ T but &L €T, then the only P-segment based on
[is (I,U), where U = {A |0~ 1(T') C A};
o If L, 0L ¢ T, then a segment (I',U) is a P-segment if
there exists a &7 ¢ T' such that

U={A|o'T)CAand ¢ A} =:Ur,.

It is clear that the two cases with &L € I' give rise to
segments. For the case with &L ¢ T, we have:

Lemma VL8 (R). Ler I be a prime theory such that Om ¢ T
Let Up . :== {A |0 (T') C A and m ¢ A}. Then (T',Ur )

is a segment.

Proof. By definition Oy € T implies ¢ € A. Let Gp €
I'. Then O (") U {¢} ¥/ m, for if this were not the case
then I, & - O, contradicting & ¢ T'. So the Lindenbaum
lemma yields a prime theory A containing 0~ !(T") and ¢ but
not m, whence A € U and ¢ € A as desired. O

As a consequence of this lemma, for any prime theory T’
there exists a P-segment headed by I'. Construct the canonical
frame X p and model M p as in Definition [V.4, but restricting
the set of segments to P-segments (JR).

Lemma VL9 (Truth lemma ). Let (I',U) be a P-segment
in Mp. Then for all ¢ € L we have (T,U) I+ ¢ iff ¢ € T.

Proof. By induction on the structure of ¢. The only interesting
cases are for ¢ = Oy and ¢ = OY.

If Oy € T then I" IF O% by construction. If O ¢ T' then
O~ 1(T') 1/ 9. Use the Lindenbaum lemma to construct a prime
theory A containing 0~ *(T") but not ¢, and extend this to a
P-segment (A, V). Now we consider two cases: if &1L € T
then A is in the tail of the (unique) P-segment headed by T’
(by definition). Then (I', U)R(A, V) and (A, V) I 4, hence
(I,U) Fpoyp. If &L ¢ T then A € Up,;,s0 (IUr, 1) is a
segment above (T, U) witnessing (I, U) Iff 0.

If &y € T then (T, U) IF &9 by the definition of segments.
If &b ¢ T then Lemma VI8 yields a segment (I, V') such
that no A € V contains . By induction we then find (T, V) I}
&1, and since (T, U) C (T, V) this implies (T, U) Iff 0. O

We show that the canonical model satisfies (I -suff).
Lemma VIL.10 (RR). Xp satisfies (l5-suff).

Proof. Suppose (I,U)R(A,V) & (A, V). If (A, V') =
(&, {@&}) then we can take u = (&, {@}) to satisfy (I,5-suff).
So suppose this is not the case. Then L ¢ A’. We claim that

T US(A) ¥ O((8)°). 3)

If this were false, then using the fact that I" and A’ are prime
wecanfindp €T, 6 € A’ and ¢ ¢ A’ such that pAGS - O,
Then ¢ = &6 — O, so ¢ - 0O(§ — ) by loq, hence O(6 —
1) € T, wherefore § — ¢ € A C A’. By assumption § € A/,
so deductive closure of A’ implies ¢ € A’, a contradiction.

So (3) holds, and the Lindenbaum lemma yields a prime
theory © that contains I" and <(A’) but avoids TO((A')¢). If
&L € © then O is the head of a unique P-segment (©,U’),
and (I,U) < (©,U)R(A’, V') by construction. Moreover,
if (0,U") & (I,U") then &L € I, hence & € U”
and (&, {@}) is a world such that (I'"",U")R(&, {&}) and
(A, V) S (&, {@})- So (log-suff) is satisfied.

If ©1 ¢ ©, then we take (O,Up, ). By construction
(T,U) S (©,Ue,1 )R(A, V). Let (T'",U") be a P-segment
such that © CT”. If L € 4" or ©L €T then & € U” and


https://ianshil.github.io/CK/ComplsegAB.general_segAB_completeness.html#truth_lemma
https://ianshil.github.io/CK/ComplsegAB.general_segAB_completeness.html#CF_suff_Cd
https://ianshil.github.io/CK/ComplsegAB.CK_Cd_segAB_completeness.html#suff_CKCd_Strong_Completeness
https://ianshil.github.io/CK/ComplsegP.general_segP_completeness.html#Psegment
https://ianshil.github.io/CK/ComplsegP.general_segP_completeness.html#Lindenbaum_Psegment_Diam
https://ianshil.github.io/CK/ComplsegP.general_segP_completeness.html#CM
https://ianshil.github.io/CK/ComplsegP.general_segP_completeness.html#truth_lemma
https://ianshil.github.io/CK/ComplsegP.general_segP_completeness.html#CF_Idb

we can use (@, {@}) to witness (Io5-suff). If not, then U”
must be of the form Up» . for some Om ¢ I'. We claim that

o' T UA . 4)

If this were false, then there exist p € O~ }(I"”’) and 6§ € A’
such that ¢ A § F 7. This implies Oy A & F O, and since
Op, o8 € T we get O € T, a contradiction. Using the
Lindenbaum lemma, (4) yields a prime theory A” that we can
extend to a segment (A", V). By construction A” € U”, so
(T, UYR(A”, V"), as well as A’ C A", O

Lemma VL11 (). CK® |l is sound and strongly complete
with respect to the class of frames satisfying (l5-corr).

We have now gathered enough background to prove:

Proof of Theorem VI.I. Soundness results are straightfor-
wardly obtained as instances of a general result (JR) via the
use of correspondence conditions (FR, R, R, R.R-R.R).
For completeness, we consider four cases based on whether
or not C,, and |5 are in Ax. In each case, adding N to
the logic yields a notion of (prime) theory which implies
that the corresponding canonical model satisfies (N -corr) or
(N -suff).

Case 1: Co, ¢ Ax and lon ¢ Ax. If Ny ¢ Ax then
this is Theorem IV.9 (@) and, as mentioned, if N, € Ax
then the canonical model construction used in this theorem
satisfies (N -corr) (@R).

Case 2: C, € Ax and |5 ¢ Ax. Use a canonical model based
on A- and B-segments as outlined above (JRA,#R).

Case 3: Ci, ¢ Ax and | € Ax. In this case we use a canon-
ical model based on P-segments, as outlined above (@R,R).

Case 4: C,, € Ax and |5 € Ax. In this final case we can
use prime theories as the worlds of our canonical models (JR),
rather than segments. These are partially ordered by inclusion,
and we define the modal accessibility relation R by letting
TRA iff 07}(T) C A and G(A) C T'. We can view this as
the restriction to segments of the form (I, U) where a prime
theory A isin U if and only if ' RA. It turns out that C, is cru-
cial to prove the truth lemma, while |, allows us to prove that
the resulting frame satisfies (C,-strong) and (I 5-weak) (@R).
Once again, we obtain strong completeness (JR,9R). O

Completeness with respect to correspondence conditions
straightforwardly follows.

Corollary VL12. Ler Ax C {Ng,Cs,lon}. Then the logic
CK @ Ax is sound and strongly complete with respect to the
class of frames satisfying (A-corr) for each A € Ax.

Proof. Note that the cases where Ax C {N.} are already
treated above. For the remaining ones, as sufficient conditions
entail correspondence conditions (JR,JR,R), we directly use
Theorem VI.1 to obtain our result (FR, R, R, R-R)- O

VII. COMPARISON OF DIAMOND-FREE FRAGMENTS

We leverage the sound and complete semantics for exten-
sions of CK to study their diamond-free fragments. We call a
logic a conservative extension of CKy if its O-free fragment
coincides with CKg. It is known that the -free fragment
of CK & Ny & C,, is a conservative extension of CK5 [19,
Corollary 30], and that this is not the case for CKEN &l 5. In
a blog comment [17] Das speculated that “the real distinction
of IK is due to [l,5]”, but we falsify this by proving that
CKDCy Blyy (hence CKP ) is conservative over CK. As
a consequence, we characterise precisely which extensions of
CK with axioms in {N, Cs, .5} are conservative over CK.?

Proposition VIL1 (@R). The logic CK & Co & log is a
conservative extension of CKg.

Proof. By definition every formula that is derivable in CKy is
also derivable in CK® C,, &1, so we focus on the converse.
We show that for every world in every CK-frame we can find
a world in a frame for CK & C,, @ | that satisfies exactly
the same diamond-free formulas. This implies that the class
of CK-frames validates all diamond-free consecutions in CK&
Co ®lop, so that the result follows from completeness of CKg
with respect to the class of CK-frames.

Let X = (X,@,<,R) be a CK-frame, and define binary
relations < and R on X by:

x =y
TRy

iff r<yory=@&
iff xrRyory=@

(Note that @ was already maximal with respect to <, but
now it becomes a top element with respect to <.) Then X' =
(X,@,=,R) is a CK-frame (). The fact that every world
can intuitionistically and modally access @ implies that X’
satisfies (C.-strong) ($R). Moreover, we have that xRy =< z
implies x X Ry =< z and all intuitionistic successors of x can
modally access @&, wherefore (l,5-corr) holds (). Therefore
X’ is a frame for CK ® C, @ lop.

Valuations for X and X’ coincide because we only added
relations of the form z < @ to the intuitionistic accessibility
relation. Let V' be such a valuation for X. Then we can show
by induction on the structure of ¢ that

X, V),zl o iff (X, V),zlke

for all diamond-free formulas ¢ (@R). This entails that every
diamond-free consecution I' - ¢ in CK @ Cy, & | is true at
z. Since X, V and x are arbitrary, the result follows. ]

We can also give a semantical proof for CK® N, & C,, [19,
Corollary 30]. This uses a different frame transformation:
whereas the proof of Proposition VII.I makes @ modally
accessible to all worlds to force validity of &L, the frame
transformation in the next proposition falsifies &T in all

5Formally, we show that CK @ Ax and CK coincide on their -free
fragments for certain Ax, relying on Das and Marin [19, Corollary 6] that
this coincides with CK.
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worlds.® Both approaches ensure validity of C., by trivialising
diamonds.

Proposition VIL2 (RR). The logic CK & C, & Ny is a
conservative extension of CKg.

Proof. We use the same strategy as in the proof of Propo-
sition VILI. Let X = (X, &,<,R) be any CK-frame. We
construct a new frame X’ by adding for each world = # &
an additional world =T that satisfies * < 1t < z and that
cannot modally see anything. Intuitively, this makes & T false
at every world (except @), forcing distributivity of diamonds
over joins.

Let X be a copy of X \ {@}, and for each & # z € X
denote its copy in Xt by 21.7 Define a preorder < on XUX T
by

== U {{(l‘, y)? <x7y+)7 (‘T+7y)7 ($+’y+)}

\x,yEXandxgy}.

Leave R unchanged, but view it as a relation on X UX . Then
X' =(XUXT &, =<, R) is a CK-frame (). The worlds x
ensure satisfaction of (N-corr) (fR). Furthermore, (C.-corr)
is satisfied (@), because if x < y and < z then zT > x is
a world such that R[z"] C | R[y] and R[z"] C | R][z] (since
R[z"] = (). So X' is a frame for CK & C,, @& No.

Let V' be any valuation for X and define a valuation V' for
X' by V'(p) = V(p) U{z™ | € V(p)}. Then a routine
induction on the structure of ¢ yields (%,V),z IF ¢ iff
(X', V"), z I ¢ for every diamond-free formula ¢ (@). The
remainder of the proof is as in Proposition VIIL.1. O

Summarising our results, we get:

Theorem VIL3. Let Ax C {N,,Cs,lon}. Then CK @ Ax is
a conservative extension of CKg if and only if N ¢ Ax or

|<>D ¢ Ax.

Proof. Non-conservativity —of  {Ng,log}  (®R)  and
{N¢,Co,lon} (W) is witnessed by the fact that they
prove =—0OL — 0.1 [19], while CK does not. Conservativity
of the remaining extensions (FR,R,®) follows from
Propositions VII.1 and VIIL.2. [

Theorem VIL.3 leaves us with two logics that are not
conservative over CKg. While clearly CK & N, & loq is
included in IK, it is unclear whether or not their diamond-
free fragments coincide.

Open question VIL4. Does the O-free fragment of CK @
Ne @ oo coincide with that of CK & Ny @ log @ C,? Are
either or both fragments finitely axiomatisable?

6Qur frame transformation for CK @ C, @ lop tightly connects to the
translation given in an independent alternative proof of Proposition VIL.1 [43]
which maps all diamond formulas to L. Following this insight, the result
for CK & N & Co, can be obtained by translating diamond formulas to T
instead [18].

In the formalisation, X T is taken to include a copy of @. This copy is
forced to be isolated as it is only intuitionistically or modally accessible from
itself. Therefore it does not affect validity in the corresponding model.

VIII. OTHER AXIOMS

In Sections V, VI and VII we focussed on logics between
CK and IK generated by three axioms. There are of course
myriad axioms to be considered, which can all be investigated
semantically. As an example of this, we study two more
axioms that have appeared in the literature.

A. The weak normality axiom

We first consider the weak normality axiom:
(Nop) oL —0OL

This axiom was used by Kojima [41] in the context of
neighbourhood semantics, weakening WK by replacing N
with N, 5. We investigate how this axiom fits in our semantic
framework, and use it to compare extensions of CK that
include N. This gives rise to logics whose diamond-free
fragments do not coincide with the ones from Section VII.

Proposition VIIL.1. A frame validates N5 whenever it

satisfies (R):
(Nog-suff) Vz (if t R& and xRy then y = &)

Moreover; a frame validates N if and only if it satisfies (RR):
(Nog-corr) Vz(if Vy (z < y implies yR&)
then Yy, z (x < yRz implies z = &))

Proof. The first claim follows from the second, be-
cause (N¢o-suff) implies (Nso-corr) (JR). The second claim
follows from a routine verification. O

What happens if we add N, to any of the eight logical
systems discussed in Section V? Since N implies Neg,
adding it to a system containing N, does not change any-
thing. Furthermore, Theorem VII.3 implies that Kojima’s logic
CK® Nyp, as well as its extension with C,,, are conservative
over CKy (#,#). This leaves us with two new logics (in
terms of their diamond-free fragment) between CKy and IK.
We claim that they relate as in Figure 4.

Theorem VIIL2. Let Ax C {Cq,lon}. Then the logic CK &
Non @ Ax is sound and strongly complete with respect to the
class of frames satisfying (Nsq-corr), and (A-suff) for each
A € Ax (R, ). Moreover, if | € Ax then we can replace
(Nop-corr) by (No-suff) (3R, B).

Proof. Here again soundness is straightforward (FR,R,%#,WR)-
Completeness follows from verifying that the canonical model
constructed for each of the resulting logics satisfies (N -corr)
or (Npg-suff). O

The next propositions witness the non-inclusions indicated

in Figure 4.

Proposition VIIL3 (@R). The formula ——0Op — O——p is
derivable in CK® Ny @ oo but not in CK®Nyo D Co B lon
(hence not in CK ® Nep @ lop).

Proof. Derivability in CK ® N @ | is a known result [19,
Lemma 10]. Figure 5a gives a frame that satisfies (N -suff),
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Fig. 4: Logics including N. Inclusion of logics from left to right is immediate. Dashed arrows indicate non-inclusion of
diamond-free fragments, and follow from Propositions VIII.3 and VIIL.4. We note that non-inclusion of the middle question

mark would imply non-inclusion of the other two.

(Cy-strong) and (l5-suff) where the formula is not valid (it
is false at x if we take a valuation with V(p) = {@&}), hence
it is not derivable in CK & Ny @ 1. O

Proposition VIIL4 (RR). The formula
-0l — (-—0Op — O-—p). (3)

is derivable in CK @& Ny @ lopn, but not in CK.

Proof. To see that the formula is not derivable in CK, consider
the frame from Figure 5b with valuation V(p) = {w,&}.
Then clearly z and y do not satisfy O, hence = IF —=OL.
Furthermore, the fact that y IF Op implies that neither x nor
y satisfies —Op, and hence = |- ——Op. Finally, z If —=—p
because z I —p, which implies x Iff O——p. Combining this
entails that x falsifies the formula.

Next, we derive the formula in CK® Ny @ |5. Applying
Nec, Ky and MP to p — ——p, a theorem of IPL, yields Op —
O——p. This is equal to Op — O(—p — L), so K yields
Op — (O—p — <©1). Using N gives Op — (O—p — OL).
Using propositional intuitionistic reasoning we rewrite this to

—=0p — (-OL — =O-p).
Now currying and commutativity of A allows us to derive
-0l — (==0Op — —=<O-p). Rewriting ~G—p to O—p — L
and using the fact that 1 — O yields

-0l — (——oOp — (0—p— 0Ol)).

Finally, applying |5 we find -0OL — (—-—0Op — O——p). O

R R R
Yy - ] y—w
r—— Z r— 2z

R R

(a) Frame for Prop. VIIL.3.  (b) Frame for Proposition VIILS.

Fig. 5: Two more frames used to falsify formulas.

We have the following analogue of Open question VII.4.

Open question VIILS5. Does the O-free fragment of CK @
Neo @ lop coincide with that of CK @ Nog @ lon @ Co?
Are the O-free fragments of either of these logics finitely
axiomatisable?

B. The weak constant domain axiom

The logic FIK arises from IK by replacing |, with the
weak constant domain axiom:

(wCD) a(pVgq) — ((Op — Og) — Og)

It was introduced by Balbiani, Gao, Gencer, and Olivetti [4] to
axiomatise the intuitionistic modal logic with birelational se-
mantics satisfying (C-strong), but not necessarily (I5-weak).
We briefly investigate wCD and how it relates to the axioms
from Section V to obtain results similar to those of Figure 4.
We postpone completeness results and finite axiomatisability
of some of the diamond-free fragments to future work.

Proposition VIIL6 (@R). Over CK, the axiom |5 implies
wCD.

Proof. Suppose we have (Op — Og) — O(p — ¢). Then it
follows that

O(pVq) — ((0p— Og) — (O(p V@) AO(p — q)))-

The conjunction is equal to O((p V ¢) A (p — ¢)), and since
((pVvVqg)A(p— q)) — g is a theorem of intuitionistic logic it
implies Og. Thus we find O(pVq) — ((Op — O¢) — Og. O

The previous proposition implies that adding wCD to a
logic that already proves |5 does not add any extra deductive
power. So adding wCD to the logics from Section V yields four
logics of interest: CKwCD, CK®C, dwCD, CK&N,dwCD,
and FIK. The diamond-free fragments of the first two coincide
with CK5 as a consequence of Theorem VII.3. Thus we are
left with a situation similar to Figure 4, depicted in Figure 6.

Proposition VIIL.7. The formula ——QOp — O——p is derivable
in CK® Ny @ lon (RR) but not in FIK.

Proof. The first part of the statement is a known result [19,
Lemma 10]. The second part follows from constructing a
countermodel in the semantics for FIK [4]. O

Proposition VIIL.8 (). The formula

(wCDp) O(pV¢q) — ((-O-p — Og) — Og)

is derivable in CK & N, & wCD but not in CK.

Proof. The formula Gp — —O-p is a theorem of CK @& N.,.

Now using instances of the intuitionistic theorems
(e =9) = ((x = ¢) = (k=)

and (¢ =) = (¥ = x) = (¢ = x))
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Fig. 6: Logics including wCD. Inclusion of logics from left to right is immediate. Dashed arrows indicate non-inclusion of
diamond-free fragments, and follow from Propositions VIII.7 and VIIL.8.

we can derive wCD from wCD. The fact that wCDg is not
derivable in CK can be shown by taking the CK-frame from
Figure 5b and setting V(p) = {z, @} and V(q) = {w,@}.
The resulting model falsifies wCD at x. O

Open question VIIL9. Does the ¢-free fragment of CK &
No @ wCD coincide with that of CK & N, & wCD & C.?
Are the O-free fragments of either of these logics finitely
axiomatisable?

IX. A NOTE ON THE FORMALISATION

Beyond the extra confidence it provides in our results, for
example clarifying the semantics of WK which have been
disputed [50], our use of formalisation in the Rocq Prover
has been crucial for our work.

Because of the multitude of axiomatic extensions of CK we
consider, we had to formalise most of our results parametrised
by an arbitrary set of axioms. This generality led to formalised
results which are both insightful and close to their pen-and-
paper counterparts by their size and structure. For example,
while it is often questioned in modal logic [35], we proved
the deduction theorem for all axiomatic extensions of CK.
Additionally, each of our strong completeness results via a
canonical model construction, roughly 500 lines of code, was
leveraged for several logics, around 50 lines only per logic.

Pragmatically, the code for a certain set of logics could be
copied, pasted, and modified for another such set in a heuristic
and efficient way. This enabled us to study a total of 12 logics,
with an additional few days of work for each further axiom
analysed. We invite our readers to experience it for themselves
by downloading our code and adding their favourite axioms.

X. FURTHER WORK

We have shown that using a relational semantics for CK, and
employing Rocq to verify our proofs and tame the profusion
of logics arising from combinations of axioms, allows us to
analyse the modal logics between CK and IK. The success of
this methodology leaves us with much further work to pursue.

a) Open questions: While our work has closed some
open questions about the logics between CK and IK, oth-
ers remain. Most pressingly, do the <-free fragments of
CK ® Ny @ Iy and IK coincide, and do they have a finite
axiomatisation? We are aware of a discussion, reported by
Das and Marin [19], that the fragment of IK might not have
a finite axiomatisation, but we are not aware of any proof of
this; Grefe’s thesis [34] proves only the much weaker result
that there exists an infinite chain of finitely axiomatisable <-
free logics between CK and IK.

b) Finite model properties: As noted in Remark IV.8, the
canonical model construction for CK can be carried out relative
to a set X of formulas. This yields the finite model property for
CK, as proved already [50, Section 4]. Since the completeness
results in Theorem IV.7 use various model constructions, the
finite model property does not readily carry over. This raises
the question whether we can obtain finite model properties for
the logics between CK and IK.

¢) Axiomatic extensions: Focus on the K family of logics
is reasonable to answer basic questions in modal logic, but
much interest concerns extensions of a basic modal logic with
further axioms, from S4 to provability logic to epistemic logic.
How does the choice of base logic, from CK to IK, effect the
properties of these logics? Adding even more axioms into the
mix will make our Rocq framework more crucial than ever.

d) Weaker or incomparable basic logics: While a lot
of the work in intuitionistic modal logic builds on at least
CK, this is not universal. For example, Bozi¢ and DoSen [9],
Wolter and Zakharyaschev [74], [75], and Goré, Postniece
and Tiu [33] take as basis necessitation, K5, N, and C,
which is incomparable with CK because K. is merely an
optional extension. This setup, with no assumed links between
O and <O, is too weak for a sensible birelational semantics, so
instead takes a trirelational semantics with separate relations
for the two modalities. However if we wished to remain within
birelational semantics we could still consider logics where
O and < interact, but not via K, or logics with weaker
properties of [, forgoing necessitation or K.

e) Sahlgvist theorems: Finding a link between axioms
and relational properties can take ingenuity. Sahlqvist the-
orems for classical modal logic [30], [63], [64] make this
automatic for certain syntactically defined classes of formulas.
If these techniques could be modified to take the relational
semantics for CK as their basis, they would provide another
tool for taming the jungle of logics in this space.

f) Proof theory and types: There is a body of research
too large to summarise on proof theory for intuitionistic modal
logics, but our work may help to identify new logics to target
and techniques to use, such as labelled sequents that take
CK-semantics as their basis. In particular, much recent work
on proofs for intuitionistic modal logic involves calculi with
type assignment, but no <. These type theories support im-
pressive applications in formalised mathematics, so it may be
worthwhile to investigate type theory with & from a CK base,
following Bellin, De Paiva and Ritter [5], while simultaneously
taking cues from more recent work on modal type theory.
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